GAUDIN MODELS WITH IRREGULAR SINGULARITIES 



B. FEIGIN, E. FRENKEL, AND V. TOLEDANO LAREDO 

Abstract. We introduce a class of quantum integrable systems generalizing the 
Gaudin model. The corresponding algebras of quantum Hamiltonians are obtained 
as quotients of the center of the enveloping algebra of an affine Kac-Moody algebra 
at the critical level, extending the construction of higher Gaudin Hamiltonians from 
[FFR] to the case of non-highest weight representations of affine algebras. We show 
that these algebras are isomorphic to algebras of functions on the spaces of opers on P 1 
with regular as well as irregular singularities at finitely many points. We construct 
eigenvectors of these Hamiltonians, using Wakimoto modules of critical level, and 
show that their spectra on finite-dimensional representations are given by opers with 
trivial monodromy. We also comment on the connection between the generalized 
Gaudin models and the geometric Langlands correspondence with ramification. 
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1. Introduction 

Quantum integrable systems associated to simple Lie algebras are sometimes best 
understood in terms of the corresponding affine Kac-Moody algebras. A case in point 
is the Gaudin model [Gj. Let us recall the setup (see, e.g., |FFRl lFr4] ) : for each simple 
Lie algebra q there is a collection of commuting quadratic Gaudin Hamiltonians Sj, i = 
1, . . . , N, in U(g)® N , defined for any set of iV distinct complex numbers Z\,..., zjy. A 
natural question is to find a maximal commutative subalgebra of U(q)® n containing 
3j,i = 1, . . . ,N. It turns out that such a subalgebra may be constructed with the 
help of the affine Kac-Moody algebra g, which is the universal central extension of the 
formal loop algebra ((£)). The completed universal enveloping algebra U Kc (q) of the 
affine Kac-Moody algebra at the critical level contains a large center [FF3} IFr2] . It was 
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shown in [FFRj (see also |Fr4] ) that the sought-after commutative algebra, called the 
Gaudin algebra in [Fr4| . may be obtained as a quotient of the center of U Kc (q), using the 
spaces of conformal blocks of g-modules. In particular, the quadratic Segal-Sugawara 
central elements of U Kc ($) give rise to the quadratic Gaudin Hamiltonians, whereas 
higher order central elements of tf Kc (g) give rise to higher order generalized Gaudin 
Hamiltonians. 

The center Z(q) of U Kc (g) has been described in |FF3l IFr2| . where it was shown 
that Z(q) is isomorphic to the algebra of functions on the space of L G-opers on the 
punctured disc (for an introduction to this subject, see [Fr7| ). Here L G is the group 
of inner automorphisms of the Langlands dual Lie algebra of L Q (whose Cartan matrix 
is the transpose of the Cartan matrix of g). The notion of opers has been introduced 
by A. Beilinson and V. Drinfeld in [BD] (following an earlier work |DS| ). Roughly 
speaking, a L G-oper on X is a principal ^G-bundle on the punctured disc (or a smooth 
complex curve), equipped with a connection and a reduction to a Borel subgroup of L G, 
satisfying a certain transversality condition with respect to the connection (we recall 
the precise definition in Section 0] below) . 

This description of the center was used in [Fr4j to show that the Gaudin algebra is in 
fact isomorphic to the algebra of functions on the space of ^G-opers on P 1 with regular 
singularities at the points zi,...,zn and oo. This implies that the joint eigenvalues of 
the Gaudin algebra on any module M\ ® . . . <g> M/y over L/"(g)® are encoded by opers 
on P 1 with regular singularities. 



1.1. Non-highest weight representations and irregular singularities. In this 
paper we pursue further the connection between affine Kac-Moody algebras and quan- 
tum integrable systems. Recall from |FFR[ IFr4] that the action of the Gaudin algebra 
on the tensor product M\ (g> . . . ® Mjv of g-modules comes about via its realization as 
the space of coinvariants of the tensor product of the induced modules Mi , . . . , M^v 
over g Kc of critical level, where we use the notation M = Ind^jj^ eC1 M. 

The notion of the space of coinvariants (which is the dual space to the so-called 
space of conformal blocks) comes from conformal field theory (see, e.g., |FB| for a 
general definition). More precisely, we consider the curve P 1 with the marked points 
Z\ , . . . , zn and oo. We attach the g Kc -modules Mi, . . . , M^ to the points z\, . . . , zjy 
and another g Kc -module M^ = Ind^cfftllffiCi ^ t° the point oo. The corresponding 
space of coinvariants is isomorphic to Mi <8> • • • <8> Mjy. It is shown in |FFR1 |Fr4] that 
the center Z(g) acts on this space by functoriality, and its action factors through the 
Gaudin subalgebra of U(q)® n . 

In this construction the g Kc -modules Mj satisfy an important property: they are 
highest weight modules (provided that the Mi's are highest weight g-modules; in general, 
Mj is generated by vectors annihilated by the Lie subalgebra g <g> #C[[i]] C Q Kc )- The 
representation theory of affine Kac-Moody algebras has up to now almost exclusively 
been concerned with highest weight representations, such as Verma modules, Weyl 
modules and their irreducible quotients. 
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But these are by far not the most general representations of q Kc . It is more meaningful 
to consider a larger category of all smooth representations. Those are generated by 
vectors annihilated by the Lie subalgebra Q <S> t^C[[t]] for some N £ Z+. 

The main question that we address in this paper is the following: 

What quantum integrable systems correspond to non-highest weight representations? 

It is instructive to consider the following analogy: highest weight representations 
are like differential equations with the mildest possible singularities, namely, regular 
singularities, while non-highest weight representations are like equations with irregular 
singularities. Actually, this is much more than an analogy. The point is that the action 
of the center Z(g) on the spaces of coinvariants corresponding to non-highest weight 
representations of q Kc factors through the algebra of functions on the space of opers on 
P 1 with irregular singularities at z%, . . . , zn and oo. The order of the pole at each point 
is determined by the "depth" of the corresponding g Kc -module: if it is generated by 
vectors annihilated by the Lie subalgebra fl^i^Gf^]], then the order of the pole at this 
point is less than or equal to N. This may be summarized by the following diagram: 



highest weight 
representations 



opers with regular 
singularities 



non-highest weight 
representations 



opers with irregular 
singularities 



Motivated by this picture, we call the corresponding quantum integrable systems the 
generalized Gaudin models with irregular singularities. Their classical limits may be 
identified with a class of Hitchin integrable systems on the moduli spaces of bundles 
on P 1 with level structures at the points z\ , . . . , zn, oo and with Higgs fields having 
singularities at those points of orders equal to the orders of the level structures. Classical 
integrable systems of this type have been considered in [Beat IBott IMar} \DM.\ |ER] . 

Thus, using non-highest weight representations, we obtain more general spaces of 
coinvariants (and conformal blocks) than those considered previously. At the critical 
level this yields interesting commutative subalgebras and quantum integrable systems, 
and away from the critical level, interesting systems of differential equations. 

In particular, the Knizhnik-Zamolodchikov (KZ) equations may be obtained as the 
differential equations on the conformal blocks associated to highest weight represen- 
tations of q away from the critical level (see, e.g., |FFR]). On the other hand, there 
is a flat connection constructed by J. Millson and V. Toledano Laredo |MTLl ITL] . 
and, independently, C. De Concini (unpublished; a closely related connection was also 
considered in [FMTVj ) . Following [Boa] . we will call it the DMT connection. We ex- 
pect that this connection may also be obtained from a system of differential equations 
on the conformal blocks, but associated to non-highest weight representations of q, 
away from the critical level. An indication that this is the case comes from the work 
of P. Boalch [Boa] . in which the quasi-classical limit of the DMT connection was re- 
lated to certain isomonodromy equations, and the paper [BF] where it was shown that 



4 



B. FEIGIN, E. FRENKEL, AND V. TOLEDANO LAREDO 



isomonodromy equations of this type often arise as quasi-classical limits of equations on 
conformal blocks (for example, the so-called Schlesinger isomonodromy equations arise 
in the quasi-classical limit of the KZ equations, see [Res]). We hope that our results 
on the generalized Gaudin models will help elucidate the relation between the DMT 
connection and conformal field theory. 

1.2. The shift of argument subalgebra and the DMT Hamiltonians. What are 
the simplest Gaudin models with irregular singularities? They are obtained by allowing 
regular singularities at all but one point, where we allow a pole of order two. It is 
convenient to take oo G P 1 as this special point. The corresponding Gaudin algebra is 
then a commutative subalgebra of U {g)® N <8> 5(g), where 5(g) is the symmetric algebra 
of g. Here 5(g) arises as the universal enveloping algebra of the commutative Lie algebra 
g <g> tC[[i]]/i 2 C[[i]]. This algebra naturally acts on the simplest non-highest weight g- 

module Ind^^pj^j C attached to the point oo (by endomorphisms commuting with 
the action of g Kc ). We may then specialize this algebra at a point x € 0* = Spec 5(g). 
As the result, we obtain a commutative subalgebra of U(g)® N depending on x € 0*. 

Recently, this algebra has been constructed by L. Rybnikov |Rybl| , using the results 
of \FF3\ [Fr2] on the center at the critical level and the method of [FFR]. Thus, the 
construction of |Rybl| is essentially equivalent to our construction, applied in this 
special case. 

Consider in particular the case when N = 1. Then the corresponding Gaudin algebra, 
which we denote by A x , is a subalgebra of U(g). It was shown in |Rybl| that for 
regular semi-simple x the algebra A x is a quantization of the "shift of argument" 
subalgebra A x of the associated graded algebra 5(g) = gr U (g) (we show below that 
this is true for all regular x)- The subalgebra A x , introduced by A.S. Mishchenko and 
A.T. Fomenko in |MFj (see also [Man]), is the Poisson commutative subalgebra of] 
5(g) = Fung* generated by the derivatives of all orders in the direction of x of an 
elements of Invg* = (Fung*) , the algebra of invariants in Fung*. The algebra A x is 
the quantization of A x in the sense that gr A x = A x . 

We note that the problem of quantization of A x was posed by E.B. Vinberg |V]. 
Such a quantization has been previously constructed for g of classical types in [NO] 
(using twisted Yangians) and for g = sl n in [Talj (using the symmetrization map) and 
[CT| (using explicit formulas) 

Our general results on the structure of the Gaudin algebras identify A x with the 
algebra of functions on the space OpL G (P 1 ) 7r (_ x ) of ^G-opers on P 1 with regular sin- 
gularity at G P 1 and irregular singularity, of order 2, at oo G P 1 , with the most 
singular term — x (where x is an y regular element of g*). This means that a joint 
generalized eigenvalue of the quantum shift of argument subalgebra A x C U(g), for 
regular semi-simple x, on any g-module is encoded by a point in Opz, G (P 1 ) 7r (_ x ). 

Note that A x is a graded subalgebra of Fun g* with respect to the standard grading, 
so we have A x = (& i>0 A Xj i. It is easy to see that the degree 1 piece A Xi i is the Cartan 

^Here and below, for an affine algebraic variety Z we denote by Fun Z the algebra of regular functions 
on Z. 

2 in |Ryb2| it was shown that, if it exists, a quantization A x is unique for generic x 
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subalgebra f) C Q (realized as degree one polynomial functions on g*) which is the 
centralizer of %■ The degree two piece A X) 2 was determined in [V]: it is spanned by 
elements of the form 



where a £ A + is the set of positive roots of q with respect to a Borel subalgebra b 
containing f), and e a E Q a , fa £ 0-a are generators of an triple corresponding to a 
(we also use in this formula an inner product on rj* corresponding to a non-degenerate 
invariant inner product on q). Since we could not find the proof of this result in the 
literature, we show that the elements T 1 {x) indeed belong to A x in Section I37T1 
Let now T^(x) be the element of U(q) given by the formula 



so that the symbol of T 7 (x) is equal to T 7 (x). These operators coincide with the 
connection operators of the DMT fiat connection on f) reg ~ f)* eg mentioned above. 
The flatness of this connection implies that these operators commute in U(q). Thus, 
we obtain that the quadratic part of the Poisson commutative algebra A x may be 
quantized by the DMT operators. It then follows from the results of |Ta2] that A x is 
a maximal commutative subalgebra of U(g) containing fj and the operators T 7 (x). 

To summarize, we find that the commutative algebra corresponding to the ordinary 
Gaudin model, and the quantum shift of argument subalgebra A x , arise as special 
cases of the general construction of Gaudin models with irregular singularities that we 
propose in this paper. In particular, the Gaudin operators and the DMT operators 
arise as the quadratic generators of the corresponding generalized Gaudin algebras. 

Note that they both come from flat holomorphic connections, the KZ connection and 
the DMT connection, respectively. As shown in [TLj . the KZ and DMT connections 
are dual to each other in the case of gtjv- Therefore it is natural to expect that the 
corresponding Gaudin algebras are also dual in this case (some results in this direction 
are obtained in [MTV]). We hope to discuss this question elsewhere. 

1.3. Diagonalizing quantum Hamiltonians. The next step is to consider the prob- 
lem of diagonalization of the generalized Gaudin algebras on various representations. 

For example, given a g-module M, we can try to find joint eigenvectors and eigen- 
values of the algebra A x acting on M, where x 1S a regular semi-simple. We know from 
the above description of the spectrum that each joint eigenvalue of A x on any g-module 
is encoded by a ^G-oper on P 1 which belongs to OpL G (P 1 ) 7r (_ x ). However, we would 
like to know which ^G-opers may be realized on a given g-module. For example, we 
show that if M is generated by a highest weight vector (for example, if M is a Verma 
module), then the L G-opers arising from the joint eigenvalues on M have a fixed residue 
at the point € P 1 which is determined by the highest weight (this is similar to what 
happens in the Gaudin model, see [Fr4j ) . 

The most interesting case is when M is an irreducible finite-dimensional g-module. 
It was proved in [Fr4| that in the case of the Gaudin model the joint eigenvalues of the 




■+ 
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Gaudin algebra on the tensor product of finite-dimensional irreducible g-modules are 
encoded by the L G-opers on P 1 with regular singularities at z±,... ,zn and oo, with 
prescribed residues at those points (determined by the highest weights of our modules), 
and with trivial monodromy. Moreover, it was conjectured in |Fr4] that this sets up 
a bijection between the joint spectrum of the Gaudin algebra on this tensor product 
and this space of opers. This conjecture was motivated by the geometric Langlands 
correspondence (see below). 

By applying the same argument in the irregular case, we show that the eigenvalues 
of Ay (for a regular semi-simple x) ° n an irreducible finite-dimensional g-module V\ are 
encoded by L G-opers on P 1 with irregular singularity of order 2 with the most singular 
term — \ at oo, with regular singularity with residue A at and trivial monodromy. 

Let Opi, G (P 1 )^_ x j be the set of such opers. Then we obtain an injective map from 

the joint spectrum of A x on V\ to Opj^P 1 )^, %. We conjecture that this map is a 
bijection for any regular semi-simple x ( we a l so gi ye a multi-point generalization of 
this conjecture). We expect that for generic x the algebra A x is diagonalizable on V\ 
and has simple spectrum (this has been proved in |Rybl| for g = sin). If this is so, 
then our conjecture would imply that there exists an eigenbasis of A x in a g-module 
V\ parameterized by the monodromy-free ^G-opers on P 1 with prescribed singularities 
at two points. 

In the case of the ordinary Gaudin model, there is a procedure for diagonalization 
of the Gaudin Hamiltonians called Bethe Ansatz. In [FFR] IFr4j it was shown that 
this procedure can also be understood in the framework of coinvariants of g-modules 
of critical level. We need to use a particular class of g-modules, called the Wakimoto 
modules. 

Let us recall that the Wakimoto modules of critical level are naturally parameterized 
by objects closely related to opers, which are called Miura opers [Fr2]. They may also 
be described more explicitly as certain connections on a particular ^ //-bundle £l~ p on 
the punctured disc, where L H is the Cartan subgroup of L G. The center acts on the 
Wakimoto module corresponding to a Cartan connection by the Miura transformation 
of this connection (see [Fr2]). The idea of [FFR] was to use the spaces of conformal 
blocks of the tensor product of the Wakimoto modules to construct eigenvectors of the 
generalized Gaudin Hamiltonians. It was found in [FFR] that the eigenvalues of the 
Gaudin Hamiltonians on these vectors are encoded by the ^G-opers which are obtained 
by applying the Miura transformation to certain very simple Cartan connections on P . 

In this paper we apply the methods of [FFR} IFr4| to define an analogue of Bethe 
Ansatz for the Gaudin models with irregular singularities. In particular, we use Waki- 
moto modules of critical level to construct eigenvectors of the generalized Gaudin al- 
gebras (such as the algebra A x ) on Verma modules and finite-dimensional irreducible 
representations of q. 

1.4. Connection to the geometric Langlands correspondence. One of the mo- 
tivations for studying the generalized Gaudin systems and their connection to opers 
comes from the geometric Langlands correspondence. Here we give a very rough out- 
line of this connection. 
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The ramified geometric Langlands correspondence proposed in [FG1] (see [Fr6j and 
the last chapter of [Fr7] for an exposition) assigns to holomorphic L G-bundles with 
meromorphic connections on a Riemann surface X, certain categories of Hecke eigen- 
sheaves on the moduli stacks of G-bundles on X with level structures^ at the positions 
of the poles of the connection of the orders equal to the orders of the poles of the connec- 
tion (in the case of regular singularities, we may choose instead a parabolic structure, 
which is a reduction of the fiber of the bundle to a Borel subgroup of G). We note that 
recently the geometric Langlands correspondence with ramification has been related in 
[GWj to the S-duality of four-dimensional super symmetric Yang-Mills theory. 

Now, the point is that the generalized Gaudin algebra (fl) (and its versions 

with non-trivial characters (xi);Xoo) introduced in this paper gives rise to a commu- 
tative algebra of global (twisted) differential operators on moduli stack Bun^'™^ of 

G-bundles on P 1 with level structures of orders m; at the points Zi,i = 1, . . . , N, and 
moo at oo £ P 1 . In the case when all mi = 1 this has been explained in detail in 
[Frl], following the seminal work [BD| in the unramified case (which applies to curves 
of arbitrary genus), and in general the construction is similar. 

In this paper we identify the Gaudin algebra 2,|"V' moc (g) with the algebra of func- 



(z<),oo 

tions on the space OpL G (P 1 )|™^ t ^ 1 °° of L C7-opers on P 1 with singularities of orders mi 



at the points Zi,i = 1, ... ,N, and m^o at oo. Thus, each / E Fun Opt (^(P 1 )^^ 00 
gives rise to an element of the Gaudin algebra Z/^^°°(0) and hence a differential 



operator on Bun^P'!"^, which we denote by Dj. 



For each point r £ 0pi, G (P 1 )|™^ ( ^ 1 ° o we may now write down the following system 



of differential equations on Bun'?,'''" 1 ™: 



(1.2) D r * = f( T )% f € FunO PiG (P 1 )[™;^° 

This system defines a D-module A T on Bunj-TP'!™ 00 , and by adapting an argument from 
[BP] (which treated the unramified case), we obtain that A T is a Hecke eigensheaf, 
whose "eigenvalue" is the L G-local system on P 1 underlying the L G-opev r (see [Frl I 
IFr5t IFr6] for more details) . 

Thus, one can construct explicitly examples of Hecke eigensheaves on Bun^']'™™ 
corresponding to irregular connections by using the generalized Gaudin algebras intro- 
duced in this paper. These D-modules provide us with a useful testing ground for the 
geometric Langlands correspondence. 

The philosophy of the geometric Langlands correspondence also gives us insights 
into the structure of the spectra of the generalized Gaudin algebras on tensor prod- 
ucts of finite-dimensional modules. Namely, the existence of such an eigenvector for 
a particular eigenvalue t implies that the D-module A r should be in some sense triv- 
ial. Therefore the L G-local system underlying the L G-oper r should also be trivial 



■^Here by a level structure on a G-bundle on a curve X of order m at a point x g X we understand 
a trivialization of the bundle on the (m — l)st infinitesimal neighborhood of x. 
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(i.e., monodromy-free). For connections with regular singularities this is explained 
in |Frl4 IFr4| . and in this paper we formulate conjectures to this effect in the case of 
connections with irregular singularities. This motivates, in particular, our conjecture, 
already discussed above in Section 11.31 that the spectrum of the Gaudin algebra A x on 
an irreducible finite-dimensional g-module is described by monodromy-free L G-opers 
on P 1 with singularities at and oo. 

Another useful perspective is provided by the separation of variables method pio- 
neered by E. Sklyanin [Ski] . The connection between the geometric Langlands corre- 
spondence and the separation of variables in the Gaudin model is discussed in detail 
in [Frl| . The point is that, roughly speaking, the Hecke property of the D-module 
corresponding to the system (jl.2p is reflected in the existence of separated variables for 
the system (jl.2p . These separated variables have been discovered by Sklyanin [Ski] in 
the case of g = SI2 and regular singularities. One can approach more general Gaudin 
models with irregular singularities in a similar way. However, this subject is beyond 
the scope of the present paper. 

1.5. Plan of the paper. The paper is organized as follows. In Section [2] we present 
a general construction of quantum Hamiltonians using spaces of coinvariants and the 
center 3 (g) of the vertex algebra Vo associated to the affine Kac-Moody algebra g at 
the critical level. We define the universal Gaudin algebra as a commutative subalgebra 
of ^(sf^]])®^ <8> t/(tg[[t]]) and its various quotients. This generalizes the construction 
of the Gaudin algebra from [FFRl lFr4] which appears as a special case. Another special 
case is a commutative subalgebra A x of U(g). In Section [3] we describe the associated 
graded algebras of the Gaudin algebras constructed in Section [2] and relate them to the 
generalized Hitchin systems. In particular, we identify the associated graded algebra 
of A x and the shift of argument subalgebra A x of S(g) = Fung* for regular \ (this has 
previously been done in |Rybl| for regular semi-simple x)- 

Next, we wish to identify the spectra of the Gaudin algebras with the appropriate 
spaces of ^G-opers on P 1 . We start by collecting in Section [J] various results on opers. 
Then we recall in Section [5] the isomorphism between 3(g) and the algebra of functions 
on the space of L G-opers on the disc from [FF3J IFr2| . After that we identify in Sec- 
tion [5] the spectra of the universal Gaudin algebra and its quotients with various spaces 
of opers on P 1 with singularities at finitely many points. In particular, we identify 
the spectrum of the algebra A x with the space of L G-opers on P 1 with singularities of 
orders 1 and 2 at two marked points. We show, in the same way as in |Fr4] . that joint 
eigenvalues of the algebra A x (and its generalizations) on finite-dimensional represen- 
tations correspond to opers with trivial monodromy. Finally, in Section [6] we study the 
problem of diagonalization of the generalized Gaudin algebras. Applying the results of 
[FFR, Fr4], we develop the Bethe Ansatz construction of eigenvectors of the Gaudin 
algebras, such as A x and its multi-point generalizations, on tensor products of Verma 
modules and finite-dimensional representations of g. 

Acknowledgments. We thank L. Rybnikov for useful comments on a draft of this 
paper. We are also grateful to B. Kostant for providing a copy of his unpublished 
manuscript [Ko3]. 
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2. Construction of generalized Gaudin algebras 

In this section we introduce the universal Gaudin algebra and its various quotients 
by using the coinvariants construction for affine Kac-Moody algebras from [FFR} IFr4] . 

2.1. Affine Kac-Moody algebra and its modules. Let g be a simple Lie algebra. 
Recall that the space of invariant inner products on g is one-dimensional. Choose a 
non-zero element k in this space. 

The affine Kac-Moody algebra g K is the (universal) extension of the Lie algebra 
g((i)) = g ® C((i)) by the one-dimensional center CI: 

(2.1) - CI - g K -> g((t)) -> 0. 
The commutation relations in g K read 

(2.2) [A ® f(t),B ® g(t)] = [A, B]®fg- k(A, B) Res t=0 fdg • 1. 

The g K -modules on which 1 acts as the identity will be referred to as modules of level 

K. 

We introduce the following notation: for a Lie algebra I, a subalgebra m C I and an 
m-module M, we denote by 

Ind^M = [/([) ® M 
U(m) 

the [-module induced from M. 

Let g + be the Lie subalgebra g[[i]] © CI of g K . Given a g[[t]]-module M, we extend 
it to a g+-module by making 1 act as the identity. Denote by M K the corresponding 
induced g K -module 

M K = Indl K M 

of level k. 

For example, let b C g be a Borel subalgebra, n = [b, b] its nilpotent radical and 
f) = b/n. For any A € b*, let Ca be the one-dimensional b-module on which b, acts by 
the character A : b, — ► C and M\ be the Verma module over g of highest weight A, 

M A = IndgC A . 

The corresponding induced g K -module M AiK is the Verma module over g K of level k with 
highest weight A. 

For a dominant integral weight A € ()*, denote by V\ the irreducible finite-dimensional 
g-module of highest weight A. The corresponding induced module 

v AiK = Ind|; v x 

is called the Weyl module of level k with highest weight A over g K . 

A g re -module R is called a highest weight module if it is generated by a highest weight 
vector, that is a v £ R such that n+ • v = 0, where 

n+ = (n® 1) ®tg[[t]], 

and f) ® 1 acts on f through a linear functional A : b, — > C. In this case we say that v 
(or M) has highest weight A. 
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For example, both Ma,« and Va, k (for a dominant integral weight A) are highest 
weight modules, with highest weight A. 

Here is an example of a non-highest weight module, which we will use in this paper. 
Let x : g — > C be a linear functional. Observe that the composition 

tg[[t]}^t S [[t}}/t 2 g[[t}}~g^C 

defines a one-dimensional representation C x of the Lie algebra ifl [[£]]. We extend it to 
the direct sum tg[[t]] CI by making 1 act as the identity. Now set 

( 2 -3) I 1)X ,. = Ind|; [[t]]eC1 C x . 

Note that Ii v « may also be realized as 

Ind|; h, x , where I x , x = Indg C x . 

2.2. Spaces of coinvariants. We define spaces of coinvariants of the tensor products 
of g K -modules, associated to the projective line and a collection of marked points. These 
spaces and their duals, called spaces of conformal blocks, arise naturally in conformal 
field theory (for more on this, see, e.g., the book [FBJ). 

Consider the projective line P 1 with a global coordinate t and ./V distinct finite points 
z\, . . . , Zn £ I" ■ In the neighborhood of each point Z{ we have the local coordinate t — Zi 
and in the neighborhood of the point co we have the local coordinate t . Set 

0{z t ) = Q ((t-z i )), g(oo) = 0((r x )) 

and let g K (zi), re (oo) be the corresponding central extensions (|2.ip respectively. Let 
07V be the extension of the Lie algebra g(zi) © 0(00) by a one-dimensional center 

CI whose restriction to each summand g(zi) or 0(00) coincides with g K (z{) or g K (oo). 
Thus, 07v is the quotient of ©j = i0 re (^i) ©0 K (oo) by the subspace spanned by l Zi — l Zj , 
1 < i < j < N and l z . - 1^. 

In what follows, we will consider exclusively smooth g[[i\] -modules. By definition, a 
g[[t]] -module M is smooth if for any v £ M we have t fc 0[[t]]v = for sufficiently large 
k E Z + . Equivalently, these are the g[[t\] -modules such that for any v E M the map 
— > M,x 1— > x ■ v is continuous with respect to the t-adic topology on g[[t]] and the 
discrete topology on M. Note that if M is a smooth finitely generated g[[i]]-module, 
the action of g[[t]] on M factors through the Lie algebra 0[[i]]/i fe 0[[i]] for some k € Z + . 

Suppose we are given a collection M\,...,Mn and of g[[t\] -modules. Then 
the Lie algebra 0tv naturally acts on the tensor product of the induced K -modules 
(8)i=i M« ® ^00 (in particular, 1 acts as the identity). 

Let 0( z .) = g Zl ,...,z N be the Lie algebra of 0-valued regular functions on P 1 \{zi, . . . , 
zn, 00} (i.e., rational functions on P , which may have poles only at the points z±, . . . ,zn 
and 00). Clearly, such a function can be expanded into a Laurent power series in 
the corresponding local coordinates at each point Z{ and at 00. Thus, we obtain an 
embedding 

N 

(2.4) g (Zi) ^ 0g(zi) ©0(00). 

i=i 
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It follows from the residue theorem and formula (12. 2p that the restriction of the central 
extension to the image of this embedding is trivial. Hence (|2.4p lifts to an embedding 

0(*i) 0AT- 

Denote by H(M^ K , . . . ,M Nk , Mqo^) the space of coinvariants of (^)j = ^ Mj jK £§> Mock 
with respect to the action of the Lie algebra Qua- 

N 

H(U ltK ,...,U NtK ,M^ K ) = ((g)M i , K ®M 00 , K )/ S{z . ) . 

i=i 

By construction, we have a canonical embedding of a g[[i\] -module M into the induced 
g K -module M K : 

x e M ^ i®x e M K , 

which commutes with the action of on both spaces. Thus, we have an embedding 

N N 

Mi ® M „ 



i=l i=l 

The following result gives a description of JET (Mi, . . . , Mjv,Moo) in terms of coin- 
variants for the finite-dimensional Lie algebra g C S( Z A- It will allow us to construct 
quantum Hamiltonians acting on tensor products of g-modules in Section 12.41 below. 

Lemma 2.1 ([FFR], Lemma 1). The composition of the above embedding and the 
projection 

N 

(g) Mi tK <8> -» H (Mi )K , . . . , M N , K , M^) 
»=i 

gives rise to an isomorphism 

N 

(60 Mi,« g> Moo,*)/* 

8=1 

Proof. Fix a point u G P 1 \ {zi, . . . , zat, oo} and let g9 s C 0( 2j ) be the ideal of g-valued 
functions vanishing at it. Then, 0(zi)/S? z .) — 0) so that 

F(Mi i «,...,M JV ,«,M 0O ,«) = (®M iilc ®M oo ,«)/fl W = ^((^Mi^oMoo^/fl^jJ ^ 0. 
Since 

AT / JV \ 

©fl(^) ©0(00) = ©# - *]] e gtr 1 ]] 00^ o 

i=l \i=l / 

the fljv-module 

N ^ ( N \ 

kK ® M^, K = ind| £i i( ^ )ei(oo)eC1 ® Moo 

j=l \i=l / 

is freely generated over Uf$ z .\ by (^)^ =1 Mj (8) M^. The conclusion now follows. □ 
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2.3. The algebra of endomorphisms of Vo )K . Let 

V , K = indf 1 C 



tu- 
be the vacuum module of level k, that is the Weyl module corresponding to the highest 
weight 0, and let vq be its generating vector. 

We will be concerned with the algebra End^ K (Vo, K ) of endomorphisms of Yo )K . Note 
that we may identify this algebra with the space 

3.(5) = < 1] 

of g[[i]] -invariant vectors in Vo,«- Indeed, a g[[i]] -invariant vector v gives rise to an en- 
domorphism of Vo,k commuting with the action of q k which sends vq to v. Conversely, 
any g K -endomorphism of Vo, K is uniquely determined by the image of vq, which neces- 
sarily belongs to 3 K (g). Thus, we obtain an isomorphism 3«(g) ~ End^ K (Vo, K ) which 
gives 3 K (g) an algebra structure. 

The space Vo,k has the structure of a vertex algebra and it is easy to see that 3 re (g) 
is its center (see, e.g., [FB] ). This immediately implies the following: 

Proposition 2.2. The algebra 3«(g) is commutative. 

Let g_ be the Lie subalgebra t _1 g[t _1 ] C g K . Let us identify Vo, K with ?7(g-) as 
g_-modules, with g_ acting on f7(g_) by left multiplication. This yields an embedding 

(2.5) End SK (V , K ) C Endg_ (V 0jK ) = t/(g_) opp 

where the latter acts on Yq jK = U(q-) by right multiplication. Thus, 3 re (g) may be 
realized as a subalgebra of f7(g_) opp . This realization will be useful below. 

Note that the Lie algebra Der(C [[£]]) = C[[t]]<9j of continuous derivations of C[[t]] 
acts on g((t)) and leaves invariant. This action lifts to one on q k since the cocycle 
appearing in (|2.2[) is invariant under coordinate changes, and induces one on Vo,k which 

leaves Vq^' invariant. Of particular relevance to us will be the translation operator 
T = —dt which acts on Vo jK by 

(2.6) T Wo = 0, [T,J n ] = -nJ n ^. 

where, for J € g and n € Z we denote J <g> i n by J n . 

According to Theorem 15.11 (1). 3«(g) = C, unless k takes a special value k c , called 
the critical level, and so a meaningful theory involving 3 K (g) exists only for the critical 
level. However, since the proofs of the results of the next section do not require it, we 
will postpone specializing k to k c until Section 12.51 



2.4. Action of 3 re (g) on coinvariants. In order to simplify our notation, from now 
on we will omit the subscript k in our formulas. 

Fix a point u € IP 1 \ {z\, . . . , zn, oo}. Recall that Vo denotes the vacuum module 
of Q K (u) and vq its generating vector. We define below a canonical action of the com- 
mutative algebra 3 re (g) = Endg K ( u )(Vo) on spaces of coinvariants. This relies on the 
following well-known result. 
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Proposition 2.3. For any modules {Mj}^ 1 and Mqo ofg K (zi), i = 1,...,N and 

Sre(oo) respectively, the map 

N N N N 

Mi (8) Moo — ► ® M, ® Moo ® V 

i=l i=l i=l i=l 

induces an isomorphism 

Ju : i?(Mi, . . . ,Mjv,Moo) — » i?(Mi, . . . ,M w ,Moo,V ). 

Proof. Let 0(^ jU ) be the Lie algebra of g-valued regular functions on C\ {z\, . . . , zn, u}. 
Then, Q( Zi , u ) = BfzA © ~~ u ) _1 s[(* ~~ u ) ]> as a vector space, so that 

N 

H{M 1 ,...,M N ,M OD ,V ) = (®M i ®M 00 ®Vo)/fl(* t) „) 

i=i 

N 



^ ((g) Mi)/fl (2i) V /(t - ^"^[(i - w)" 1 ] 



i=i 

N 

= ((gjM^MooVfl^) 
i=i 

where the last isomorphism is due to the fact that Vo is a free module of rank 1 over 

uat-uy^Kt-u)- 1 }). □ 

Proposition 12.31 yields a canonical action of the algebra Endg K ( u )(Vo) on the space 
H{M 1 ,...,Mn, Moo) given by 

N N 

(2.7) X- [®Ui®«oo] =J^ 1 [(g)^Ot'ooO^-wo], 

i=i i=i 

where [f^)^ u i © u oo] denotes the image of 

N N 
(^Vi^Voo £ (g)M i( g)Moo 

1=1 8=1 

in ff(Mi,...,M 0O ). 

Let us work out this action explicitly. Set 

$(«)_ = (t - u) _1 fl[(t - u)" 1 ] C C s K (n) 

and identify Vo with U(g(u)-) as g(u)- -modules, where fl(u)_ acts on C/fg(u)_) by 
left multiplication. As explained in the previous section, this yields an embedding 

(2.8) End ?K(u) (V ) C End ?(u) _(V ) = U(q(u)^°™ 

where the latter acts on Vo = U(#(u)-) by right multiplication. 
Notice next that the g(u)-component of the embedding 

N 

^ ©S(^) ©s( n ) ©0(°°) 
i=l 
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has a section over fl(it)_ given by regarding an element of £)(it)_ as a regular function 
on P 1 \ {u, 00} . Composing with Laurent expansion at the points Zi and 00 yields a Lie 
algebra homomorphism 

N 

(2-9) T <Zi) : 0fl(zi) 0(oo) 

i=l 

Let ^u^Zi) be the extension of —t u j z a to an an£i-homomorphism 

: U (fl(«)_) — ► C/0jv. 

Lemma 2.4. iei Mj, Moo and M u &e representations o/g K (zj), K (oo) and q k (u) 
respectively. The following holds in J? (Mi, . . . ,Mjv,M 00 ,M m ) /or any Uj G Mjj^oo G 
Mqo, G M n and X G U(g(u)-) we have 

N N 

[0 Vi ® Woo ® -X««] = [*«,(*) ® Voo) ®t>„]. 

i=l i=l 

Proof. It suffices to prove this for X G g(n)_. In that case it follows because X + 
r u ,(zi)( x ) G fl(«i,tt)> so that 

AT AT 

[r U) w (X) ■ (0 «i ® Woo) ® u«] + [® «i <8> u oo ® ^ • u«] = 0. 



1=1 1=1 



□ 



Proposition 2.5. XYie action of 

XGEnd ?4u) (V ) CC/(?(n)_)°- 
on fl"(Mi, . . . , Mat, Mqo) defined by (1277]) is given 6y 

AT AT 

*[®«i®t>oo] = [*«,(*) P0(®«i®«oo)] 
i=l i=l 

Proof. This follows at once from (|2.7p and Lemma 12.41 □ 
For later use, we work out the homomorphism (|2.9|) . 



Proposition 2.6. T/ie following holds for any J G 0, m > and n > 

N m y 

Wm) = EE(- 1 ) m_p u (« - ^r- p ^ 

i=l p=0 ^ ' 

m 

+ ^(_1)— P (™j n ™~PjM 7 



p=0 



fln-l / w t(0 

C.,, f V A V A Or) 



= ^ - E E + E • 

^ ^ y i=i p >o v P >o / 

where = J ® (i — Zj) p G 0(2*) and Jp°°' ) = J (8) G 0(00). 
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Proof. The first identity follows from the fact that 



and 



(t - u) m = E H (* - *) P (* - u) m -? 

p=0 ^ ' 



(t - u ) m = Y^{-l) m ~ p Q t p u m - p 



p=0 

The second one follows from 

1 = 1 1 = V- (t ~ Zj) m 

t-U U-&1- t=&- ^ (it- Zi) m+1 

and 

1 1 ^ 

t - u ~~ t \1 

m>0 



□ 



2.5. The universal Gaudin algebra and its quotients. Now we identify q(u) and 

®iLi Q( z i)®Q(°°) w ith fl((*)) an( i flP))®^" 1-1 ^) respectively, by putting 0(00 ) as the last 
component in the direct sum. We also identify 

g_ = t- 1 ^- 1 } ~ g(n)_ = (t- u)- 1 ^ - u)- 1 } 

Then we obtain an anti-homomorphism 

: u(s-) - u( & [[t])r N ® (««[[*]])■ 

By Proposition 12.61 is given by the formula 

(2-10) ^W^m • • • ^-nj = J -n» • • • J -n», 

where 

(2 .n) ^.^fe^L^ 

V 1 \i=\ p>0 y % > p>0 

It is clear from the construction that ^uJzA is independent of k. What does depend 
on k is the algebra 3^(0) which we realize as a subalgebra of U(q-)° pp , and to which 
we then restrict the anti-homomorphism & u j z .y 

Note that acts on 0_ by adjoint action and that the induced action on C/(g_) 
coincides with that on Vo under the identification Vo = U (0_ ) . Since any v E 3 (g) C Vo 
satisfies • v = 0, we find that <& u ( Zi \(y) is invariant under the the diagonal action of 

>(«») 



on C r (0[[i]]) lX,iV <8> C (ifl[[*]])- Thus, <& u ( Zi ) restricts to an algebra homomorphism 



(2-12) U9) ^ (U(Q[[t]]r N ®U(t 9 [[t]})Y 
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At this point we quote Theorem 15.11 (1). according to which 3 re (fl) = C, if k ^ k c , 
where k c is the critical invariant inner product on g defined by the formulau 

k c (A,B) = -^Trgad^adB. 

On the other hand, the center $ Kc (q) is non-trivial (see Theorem 15.11 (2)). 

Thus, the homomorphism (|2.12p is non-trivial only for k = k c . So from now on we 
will specialize k to k c and omit the symbol k from most of our formulas. In particular, 
we will write 3(0) for 3 Kc (g), M for M Kc , and so on. 

Definition 2.7. The universal Gaudin algebra 

z (2l) ,oo(0) c (u( Q [[t]]r N 0U( tQ [[t]])) s 

associated to g and the set of points z\, . . . , zjy € C is the image of 3(0) under $ u r z .\. 

Thus, Z.( 2 .) j00 (g) is a commutative algebra, and the action of 3(0) on coinvariants 
H(Mi, . . ., Mat, Moo) factors through Z^.) )00 (fl) by Proposition [231 

We will show below that the algebra Z( Zi ^ oq (q) is independent of the chosen point 
u G P 1 . . . , zn, 00}, which is the reason why we suppress its notational dependence 
on u. This is easier to establish in terms of the quotients zfo^ 00 (0) of Z.( 2 .) j00 that 
we introduce presently. 

Note first that the algebra C^(0[[t]])® Ar <8 C7(tg[[i]]) is a complete topological algebra, 
whose topology is given as follows. For each positive integer m, the Lie subalgebra 
t m 0[[t]] C s[[t)] is an ideal. The left ideal 3 m it generates in is therefore a 

two-sided ideal and the quotient C^(fl[[i]])/Jm is isomorphic to the universal enveloping 
algebra U(g m ), where g m = g[[t]}/t m g[[t}}. Similarly, the subalgebra _£ m fl[[t]] C tg[[t}} 
generates a two-sided ideal J m of U(tQ [[t]]) and the quotient C/(t0[[t]])/J m is isomorphic 
to U(Q m ), where Q m = t g [[t]]/t m g[[t]]. 

The topology on J7(0[[t]]) 07V ® U(tg[[t]]) is defined by declaring 

N 

= mmr^ ® ® u( Q [[t}]f( N -^ ® u( tQ [[t}}) urn))®" ® ^ 
1=1 

to be the base of open neighborhoods of 0. This algebra is complete in this topology, 
and it is the inverse limit 

U(g[[t]]f N ® U(tg[[t]]) = KmU( g [[t)]f N ® U (tg[[t]]) p {rrii) 

N 

= lim(g)[/( 0m .)®£/(g m J. 

%=\ 

For any collection of positive integers mi, . . . , m^v, moo, let 

N 

(2-13) <!fiP° : U( ^- ) ® ^) 

4 Note that k c = — /i v «o, where ko is the inner product normalized as in [K] (so that the square 
length of the maximal root is equal to 2) and h v is the dual Coxeter number. 
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be the composition of 3> u ,fe) with the natural surjection 

N 

(2.14) U( B [[t]]f N ® ^(*fl[M]) "» ® ^(BmJ ® ^(0, 



i=l 



Thus, $^.) mo ° is obtained from the formulas (I2TTU]) and ([2TTT]) by setting J$ = for 

m > mi and J^°^ = 
Let 




,i=l / 
be the image of 3(g) under $^"£/A moc • The algebras Z>( Z4 ) j0 o form an inverse system of 
commutative algebras, and 

(2-15) Z (2i)iOO ( ) = hmZ^^( ). 

Formulas (|2.10j) - (12,lip show that if u is considered as a variable, ^^^A moc may be 
regarded as an anti-homomorphism 

TV 

$ SJr°° : ( ® ^(B^) ® ^Cflmcc)) ® C[(« - 0i)- 1 ] i =l,...,iV ® CM 

1=1 

The following result gives an alternative description of zfe ^""(fl)) which shows in 
particular that it is independent of u. 

Proposition 2.8. The algebra 2^ m P' moo (g) is equal to the span of the coefficients of 

$^^'% moo ( J 4), A € 3(0), appearing in front of the monomials of the form Y[iL\( u ~ 
Zi)~ ni U n °°. 

Proof. Since the translation operator acts as —dt = d u on g(t — u)_ and ^^f™ 00 is 
given by Laurent expansion at the points z%, . . . , zjy, it follows that, for any i G 3(g) 

9 u,( Zl ) y 1A >- a ^u,{ Zl ) \ A >- 

where T is given by (|2.6p . For any B € 3(0), the expression $^^.l m °°(B), viewed 
as a rational function of u, is a finite linear combination of monomials of the form 
[liLiC" - Zi)~ ni u n °°, where > 0, 

n oo — 0. Such a linear combination is uniquely 
determined by its expansion in a power series at a fixed point (or equivalently, by the 
values of its derivatives at this point). Therefore the span of these expressions for 
a fixed u and all B £ 3(0) of the form T n A,n > 0, is the same as the span of the 
coefficients of ^ m ^'" l °° (A), considered as a rational function in u, appearing in front 
of the monomials of the form ni=i( u ~~ Zi)~ ni u n °° . □ 
By (|2.15p and Proposition 12.81 &(z;),oo(s) is also independent of u. Moreover, if u is 
regarded as a variable, and ^uJzA as an anti-homomorphism 

= U(s-) - (tf (flU*]])®" ® U(tg[[t]})) § (C[(« - ^Vi,..,* ® C[u]) , 
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where the tensor product is completed with respect to the natural topology on the Lie 
algebra 0[[i]]®( Ar+1 ^, then Z^ z .^ OQ (g) may also be obtained as the completion of the span 
of the coefficients of the series $ u j z a(A), A £ 3(0), appearing in front of the monomials 
of the form 1X^=1 ( u ~~ Zi)~~ ni u noa . 

It is instructive to think of the algebras 2.|^^°°(g) and their generalizations con- 
sidered below as quotients of the universal Gaudin algebra. However, note that while 
oo(fl) is a complete topological algebra, the algebras &fe^°°(0) are its discrete 
quotients. For this reason in practice it is easier to work with the latter. In fact, for 
any collection of smooth finitely generated Q[[t]] -modules Mi, . . . , M^v, Mx), the action 
of g[[t\] on Mi (resp., M^) factors through Q mi (resp., moo ). Therefore the action 
of 2.(2,^00(0) on the tensor product ®j =1 Mj <8> Mx), or on the corresponding space of 
coinvariants 

N 

(Mi,..., Mat, Moo) = ((g)M®Moo)/0 

2 = 1 

factors through that of Z^'™™ (q). Since the only 0[[i]]-modules that we consider are 
smooth finitely generated modules, we do not lose any generality by working with the 
quotients Zu.^'™°° {&) rather than with the algebra %( 2i ) )O o(0) itself. 

2.6. Example: the Gaudin model. Consider the simplest case when all mi and moo 
are equal to 1. The corresponding algebra ^ ^(fl) is a commutative subalgebra of 

(Ug® N ) 9 . The homomorphism ^^/ Z .\(S) was defined in |FFR| (see also [Fr4| ). 
Consider the Segal-Sugawara vector in Vo: 

1 d 

(2.16) S = -Y,Ja,-lJ-iV , 

a=l 

where d = dim0 and {J a }, {J a } are dual bases of with respect to a non-zero invariant 
inner product. It is easy to show (see, e.g., [FBj . Sect. 3.4.8) that this vector belongs 

to 3(0). Let us compute ^(is-)^)- Let 



A = ^J a J a et/0 



2 

a 

be the Casimir operator. Formulas (|2.10p - (|2.1ip readily yield the following: 
Lemma 2.9 ( [FFRj . Prop. 1). We have 

N Ad) N 



i=l ^ 



j-i u 

1=1 



where the 3j 's are the Gaudin Hamiltonians 

(2.17) ^EEt^' i = l,...,N. 

J^l 0=1 J 
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By Proposition 12.8^ ^J.'^^id) contains each and the Gaudin Hamiltonians Hj, 
i = 1, . . . , N. Elements of z9^'^ (g) are generalized Gaudin Hamiltonians which act on 
the tensor product ^^ =1 -Mj of any iV-tuple of 0-modules or on the space of coinvariants 

N 

#(Mi,... ) M JVj M 00 ) = (^MiiSMooVfl, 

i=i 

where each Mj is regarded as a 0[[i]]-module by letting tg[[t]] act by 0. If all Mj's and 
Moo are highest weight 0-modules, then the corresponding induced modules Mj and 
Mqo are highest weight g Kc -modules. Thus, the choice mi = l,moo = 1 corresponds to 
highest weight modules. The spectrum of the corresponding algebra Z/* j^Cs) is the 

space of L G-opers with regular singularities at the points z±,...,zn and oo (see [Fr4| 
and Section [5] below). 

However, if we choose some of the rnj's (or m^) to be greater than 1, then for a 
general mi -module Mi (or Moo) the corresponding induced module Mj (or Moo) will 
not be a highest weight module. The corresponding algebra zfe^^Cfl) is isomorphic 

to the algebra of functions on the space ^G-opers with irregular singularities at the 
points Zi (and oo) of orders rrii (resp., moo), see Theorem 15.71 Therefore we refer to the 
corresponding integrable quantum models as Gaudin models with irregular singularities. 

2.7. Another example: the algebra A x . Consider the case when there are two 
points: z\ £ C and oo, with mi = 1 and moo = 2. This is the simplest model with 
an irregular singularity. The corresponding Gaudin algebra Zl'^ 00 (g) is a commutative 
subalgebra of (U(g) U(g 2 ))°- ^ is easy to see that it is independent of zi, so we will 
set z\ = 0. 

The Lie algebra 

02 = tg[[t]]/t 2 Q[[t]] 

is abelian and isomorphic to g as a vector space. Any linear functional x '■ — * C on 
therefore defines an algebra homomorphism U(g 2 ) = Sg — > C. Let 

(2.18) ^ x = id®x(zS;L(fl)) CUg 

be the image of 2.^^(0) under the homomorphism (U(g) ® U(g 2 )) s ~~ * U(g) given by 
applying x to the second factor. It is clear that A x is a commutative subalgebra of the 
centralizer U(g) 3x C U(g), where g x C is the stabilizer of x- 

As a subalgebra of U(g), A x acts on any 0-module M. From the point of view of the 
coinvariants construction of Section \2.2\ this action comes about as follows: we consider 
the Kc -module M induced from M, attached to £ P 1 , and the non-highest weight 
Kc -module Ii :X introduced in formula (|2,3p . Then the Lie algebra gr z A is 0[i,t _1 ] and 
the space of coinvariants is 



H(M, I 1)X ) = (M® h, x )/g[t, t- 1 ] ~ (M ® I x )/g ~ M, 

ice I x = ind^ML C x is isomorphic to Ug as a 0-module. 

The action of 3(0) on H(M, Ii jX ) ~ M then factors through that of A x . 
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We note that it follows from the definition that A x = A cx for any non-zero c S C 
and that Ad g (A x ) = A^ g (x) f° r an y 5 € G. 

2.8. Multi-point generalization. The algebra A x has a natural multi-point gener- 
alization. Namely, let m,i,i = 1, ... ,N, and moo be a collection of positive integers as 
in Section ESJ Let us also fix characters Xi '■ t mi Q[[t]} — ► C and Xoo : * m °°s[[*]] — > C. We 
will attach to this data a commutative algebra which simultaneously generalizes both 
z( m !'' m °° and A v . Note that a character 

X : t m 0[W] - C 

has to vanish on the derived subalgebra of i m £([[£]], that is on £ 2m fl[[t]]. Hence, defining 
X is equivalent to choosing an arbitrary linear functional on the abelian Lie algebra 

t m Q[[t}}/t 2m 9[[t}}^9®C m - 

Let 

I -Ind s[[<]] C 7 =Ind' 0[M1 C 

A m,,x — lllu t m g[[t]} Mo 1 m, X t m g[[t]] X' 

Note that the action of fl[[t]] on I m>x factors through 32™ = B[M] A 2m fl[K]]> an d as a 
g2m-module, I m>x is isomorphic to 

T ~ Tnrl 02m (T 
J m,X — lnu t m 02m 

(and similarly for I m ,x)- Denote by "J m ,x (resp., J m ,x) the annihilator of I m ,x m ^(fl2m) 
(resp., of l m<x in U(g 2 m)) and by U m>x (resp., C/ m , x ) the quotient of U(Q 2m ) (resp., 
^(02m)) by U miX _(resp., J m , x ). Thus, J7 m)X is the image of f7(0 2 m) and C/(fl [[*]]) in 
Endc/ m , x , and J7 TO)X is the image of U(Q 2m ) and f7(£g[[t]]) in End c / m , x . 

Now, given the data of (mi), moo, {xi)i Xoo> we obtain the algebra ®i=i U mijXi ® 
C/ mooiXoo , which is isomorphic to the quotient of ® i=1 ^(02mJ ® [/(g 2moo ) by a two- 
sided ideal. Let 

^iS^foW*. c [u muXi ®u mao , Xx y 

be the image of 

Equivalently, 00 ^° (fl)(xi),xoo ^ s ^ ne i ma S e °f the universal Gaudin algebra Z>( 2i ) )OO (0) 
under the homomorphism 

JV 

(2.19) U(g[[t]])® N ®U(t 5 [[t]]) ^®U muXi ®U m ^ Xx . 

i=i 

Note in particular that 

The algebra -A-^l '^" x (fl)(xi),x<x> naturally acts on the tensor product ®^Li^m 4 ,Xi ® 
I moa ,Xooi or 011 the corresponding space of coinvariants 

iV 

-f^"(Imi,xi > ■ ■ ■ j ^mjv,XJV' ^™-oo,X°o) = ((^) ^muXi ® -^"oo,Xoo)/ — ((^) ^rrii,Xi ® -^TOoo,X°o)- 

i=l i=l 
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For x = 0, U m> o ~ U(g m ) and £7 m ,o — U(g m ). But for a non-zero character % the 
algebras U mjX and ?7 mjX are not in general isomorphic to universal enveloping algebras. 
There is however one exception. If Xoo '■ t m g[[t]\ C factors as 

t m g[[t]] -^9®t m 

for some linear functional x on 0) then U mtX ~ U(g m -i) for any x- Therefore the 

algebra ^(™j^°°(0)(o),xao ma y be realized in (g)^l 1 [Z m4 ® f7 moo -i in this case. 

In particular, if m = 1 then ~ C regardless of %■ Therefore in the case when 

Xi = for i = 1, . . . , N, and = 1 the corresponding algebra A^l ^(fl)(o),xoo * s a 

subalgebra of the universal enveloping algebra ®f = i U(g mi ). 

In the case when = 1, i = 1, . . . , N, we obtain a subalgebra of ?7(g)® m that has 

been previously constructed in |Rybl |. This subalgebra ■^•(^) 1 oo (s)(0),x ^ s obtained by 
applying the homomorphism 

id®x--U(g)® m ®S( Q )^U(Q)® m 

(1) 2 (1) 2 

to the algebra Z) I (g). Let us apply id<S>x to <J? V y AS), where S is the Segal- 
Sugawara element in Vq. Then we find, in the same way as in Lemma 12.91 that 

N aW n " 

where 

(2.20) ^x = ££^- + X (l \ i = l,...,^ 

jjti a=l J 

where we identity f) ~ f)* using the invariant inner product used in the definition of S. 
Thus, Sj iX ,i = 1, ... ,N, are elements of •^•(^) 1 oo (0)(o),x- These operators appeared in 
[FMTV] in the study of generalized KZ equations. We note that in the case of g = 
they were probably first considered in [Ski] . 

3. Associated graded algebras and Hitchin systems 

In this section we consider generalized Hitchin systems on the moduli spaces of Higgs 
bundles, where the Higgs fields are allowed to have poles. Integrable systems of this 
type, generalizing the original Hitchin systems from [Hj (which correspond to Higgs 
fields without poles), have been previously considered in \Bea\ \Bot\ \Mai\ \DM\ IER] . 
Here we will focus on the case when the underlying curve is P 1 . We will construct alge- 
bras of Poisson commuting Hamiltonians in these systems in the standard way. We will 
then show that the generalized Gaudin algebras of commuting quantum Hamiltonians 
constructed in the previous section are quantizations of the Poisson commutative alge- 
bras of Hitchin Hamiltonians. The proof of this result relies on a local statement, due 
to [FFS EES], that the center 3(g) of V , Kc is a quantization of S {g((t)) / g[[t]}) s ^ . By 
definition, the Gaudin algebras are quotients of 3(g), whereas the algebras of Hitchin 
Hamiltonians are quotients of S{g((t))/g[[t]]) s ^ , hence the result. 
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The idea of using the center at the critical level for quantizing the Hitchin systems 
is due to Beilinson and Drinfeld [BP] , who used it to quantize the Hitchin systems 
defined on arbitrary smooth projective curves, without ramification. Here we develop 
this theory in a "transversal" direction: quantizing the Hitchin systems on P , but 
with arbitrary ramification. The two scenarios may certainly be combined, giving rise 
to quantum integrable systems corresponding to arbitrary curves, with ramification. 
However, these systems are hard to analyze explicitly unless the underlying curve is P 1 
or an elliptic curve. In the general setting the focus shifts instead to the investigation 
of the salient features of the D-modules on the moduli stacks of bundles with level 
(or parabolic) structures defined by the corresponding algebras of quantum Hamilto- 
nians (see Section ll.4p . It follows from the results of |BD| that these D-modules are 
Hecke eigensheaves, and hence they play an important role in the geometric Langlands 
correspondence. 

On the other hand, in the case of P 1 the generalized Gaudin algebras may be an- 
alyzed explicitly. In the case of regular singularities, corresponding to the ordinary 
Gaudin models, this has been done in [FFRl IFr4| (see also [ER[ [EFR] for a gener- 
alization to the case of elliptic curves). Here we look closely at another special case 
corresponding to irregular singularity of order 2 at one point of P 1 . The corresponding 
Poisson commutative algebra of Hitchin Hamiltonians may be identified with the shift 
of argument algebra A x introduced in [MF| . We show that the quantum commutative 
algebra A x introduced in Section [2.71 is the quantization of A x for all regular x £ 0*- 
This has been previously proved in |Rybl| in the case when x is regular semi-simple. 
In addition, we show that when x is regular semi-simple the algebra A x contains the 
DMT Hamiltonians (fTTTj) . 

3.1. Hitchin systems with singularities. Let us first recall the definition of the 
unramified Hitchin system. Denote by G the connected simply-connected simple Lie 
group with Lie algebra q. Let Mg be the moduli space of stable G-bundles on a smooth 
projective curve X. The tangent space to Mg at 3~ 6 Mg is isomorphic to H 1 (X,q^), 

where 0g- = 1 x q. Hence, by the Serre duality, the cotangent space at 3" is isomorphic 

G 

to H°(X, <8> £1), where Q is the canonical line bundle on X, by Serre duality. A 
vector r\ 6 H (X, 0gr<2>f2) is referred to as a Higgs field. We construct the Hitchin map 
p : T*Mg — > "Kg, where 'Kg is the Hitchin space 

£ 

(3.1) K G {X) = H°(X, f}®(* +1 )), 

as follows. We use the following result of C. Chevalley. 

Theorem 3.1. The algebra Invg* of G -invariant polynomial functions on q* is iso- 
morphic to the graded polynomial algebra C[Pi, . . . , Pjg\, where degPj = d{ + 1, and 
d\ , . . . , d,£ are the exponents of q . 

For n G iT°(X,g^(8)fi), P^rj) is well-defined as an element of H°(X, 0®(* +1 )). By 
definition, the Hitchin map p takes (H, rj) £ T*Mg to 

(Fifa),...,F/(77)) e% 
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Remark 3.2. This definition depends on the choice of generators of Invg*, which is not 
canonical. To give a more canonical definition, let 

O 3 = Spec Invg*. 

Since Invg* is a graded algebra, we obtain a canonical C x -action on 7. Now let il x be 
the C x -bundle on X corresponding to the line bundle f2. We then have a vector bundle 

0> n = ^ x x 9, 

c x 

and we set 

-K G = H°(X,y Q ). 

A choice of homogeneous generators Pi,i = 1, ...,£, of Invg* gives rise to a set of 
coordinates on IP which enable us to identify "Kg with (13, lj) . However, using this 
definition of "Kg, we obtain a definition of the Hitchin map that is independent of the 
choice of generators. Likewise, the generalized Hitchin map considered below may also 
be defined in a generator-independent way. But in order to simplify the exposition we 
will define them by using a particular choice of generators Pi, i = 1, . . . ,£, of Invg*. □ 

Now, given a linear functional (j) : "Kg — >■ C, we obtain a function o p on T*M(j. 
Hitchin [H] has shown that for different (f)'s these functions Poisson commute with 
respect to the natural symplectic structure on T*Mg, and together they define an 
algebraically completely integrable system. 

Let us generalize the Hitchin systems to the case of Higgs fields with singularities. 
Let Xi, i = 1, . . . , n be a collection of distinct points on X. Let us choose a collection 
of positive integers m,j, i = 1, . . . , n. Denote by M^P.-j the moduli space of semi-stable 
G-bundles on X with level structures of order mi at Xi, i = 1, . . . ,n. Recall that a level 
structure on a G-bundle Jona curve X of order m at a point x € X is a trivialization 
of on the (m — l)st infinitesimal neighborhood of x. Then a cotangent vector to a 

point of ^M-g(x) ^ s a HiS§ s field with poles of orders at most m 8 at the points Xj, 

<E ^(X^y® 0(mixi + . . . + m n x n )). 
In the same way as above one constructs a generalized Hitchin map 

and shows that it defines an algebraically completely integrable system. These systems 
have been previously studied in [Beal IBotl IMarl IDM1 lER] . 

We are interested in these integrable systems in the case when X = P , with the 
marked points zi, . . . ,Zn, oo (with respect to a global coordinate i, as before). In this 

case a G-bundle is semi-stable if and only if it is trivial. Thus, M^TP n may be identified 
in this case with the quotient 

N I ~ 

\\^ Grrii x G moo / Gdiag — ] | G mi X G moc . 
i=l I i=l,...,N 
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Here G m ,G m are the Lie groups corresponding to the Lie algebras Q m = 0[[t]]/t m £l[[i]], Q m 
ts[[t]]/t m g[[t]]. Hence T*JA^^ x ^ is isomorphic to the Hamiltonian reduction of 

N 

G mi x G moo ) 

i=l 

with respect to the diagonal action of G (and the orbit in q*). We can an will identify 
it with 

(3-2) J] G mi xG moo x J] (flmj* x (g m J*, 

i=l,...,N i=l,...,N 

A point of (|3.2p is then a collection (g a >A a (i)dt) a= i r .. ) N j00 , where gi € G mi ,i = 

-1 -2 

A;(t)di= ^ A hk t k dt, A iik e Q *, A 00 {t)dt= A oo,kt k dt, A»,fcG0*. 

k=—nrii k=—m oa 

We associate to it a g*-valued one-form on P 1 with singularities at the marked points 
(also known as an "L-operator" ) : 

(3.3) r/ = J] Ad 9i ( J 4 l (t-z 4 ))d(t-^) + Ad 9oo (A 0O (t- 1 ))d(t- 1 ), 

t=l,...,JV 

whose polar parts are given by the one-forms Ai(t a )dt a , conjugated by g^s. The 
Hitchin map p takes this one-form to 

(3.4) rj (P^r,), . . . ,P £ (r,)) e ^gj^ = 

il^P 1 , 0(mi^i + . . . + mTv^AT + mooOo) 8 ^ +1 '). 
j'=i 

Now any linear functional (f) '■ (i'l'oo ~^ ^ Si yes r i se to a function i/^, = po^, and, 
according to the above general result of [H, Bca, Bot, Mar, DM, ERJ these functions 
Poisson commute with each other. 

By definition, the symplectic manifold (|3.2p fibers over (F] Q G ma )/G. The fiber over 
the identify coset is the Poisson submanifold 

(3.5) n (0™j* x (0-j* 

i=l,...,N 

with its natural Kirillov-Kostant structure. Let p be the restriction of the Hitchin map 
to this subspace. Then we obtain a system of Poisson commuting Hamiltonians p o (f> 

The Poisson algebra of polynomial functions on (|3.5p is isomorphic to 

(3.6) 6d s( 0mi )®s(e m j. 
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Therefore p gives rise to a homomorphism of commutative algebras^ 

(3-7) = B^^Sfc - ® 5( 0mi )0 5(g moo ) 

i=l,...,iV 

(actually, it is easy to see that the image belongs to the subalgebra of G-invariants). 
Lemma 3.3. The homomorphism ^(™)^°° is injective. 

Proof. It is known that (in the general case) the Hitchin map is surjective, see [Hj IFa|, 
Bot, Mar, DMJ. This implies the statement of the lemma. □ 

Let %>'ua (s) be the image of ^ua^ 00 ■ This is a Poisson commutative subalgebra 
of the Poisson algebra (|3.6p . 

Now we can explain the connection between the ramified Hitchin systems and the 
generalized Gaudin algebras Z^y™ 00 (g) introduced in Section [231 Note that the 

algebra zfe^°°(g) is defined quotient of a homomorphism of universal enveloping 
algebra and therefore inherits a filtration that is compatible with the PBW filtration 
on ® i=1 7v ^(flm,)®^^^)' The associated graded algebra to the latter is precisely 
®i=l,...,iv£(flmi)® S (SmJ- 

Theorem 3.4. The associated graded of the commutative subalgebra 

i=l,...,N 

is the Poisson commutative subalgebra 

zSSr^K ® s( Smi )®s(B m j. 

i=l,...,N 

Thus, we obtain that Z^'^fa) is a quantization of the Poisson commutative 

algebra Z^™^'™°° (g) of Hitchin 's Hamiltonians. 

The proof of this result given below in Section 13.31 follows from the fact that the 
algebra 3(g), whose quotient is z\ mi ?' maa (q), is the quantization of the algebra of in- 
variant functions on g* [[£]]. It is this local result that is responsible for the global 
quantization results such as Theorem 13.41 or Theorem 13.141 below (and the results of 
Beilinson-Drinfeld |BD| for general curves in the unramified case) . We will explain this 
local result in the next section. 

3.2. The associated graded algebra of 3(g). The PBW filtration on Uq k induces 
one on Vo,k> with associated graded 

gr(V , K ) = S(U(t))/9 + ) = WJ/flD- 
The action of g[[t]] on Vo )K is readily seen to preserve this filtration and therefore 
descends to one on £(g((i))/g[[i]]). This latter action is independent of the level n and 
is given by derivations induced by the adjoint action of g[[i]] on g((£))/g[[i]]. 

^Recall that for an affine algebraic variety Z we denote by FunZ the algebra of regular functions 
on Z. 
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We therefore obtain an embedding 

gr(vj ]1 ) C S( Q ((t))/9[[tW m 

which, for k = k c is in fact an equality, according to Theorem 13,81 below. We begin by 
describing the right-hand side. 

Split g((i)) (considered as a vector space) as 

(3-8) 0((*))=0[M]©0-, 

where g_ = and identify S^fl^Vfl^]]) with S(q-). Under this identification, 

the adjoint action of X G g[[t]] on Y G Q- = 0((i))/fl[[t]] is given by 

ad(x)_y = [x,y]_, 

where Z_ is the component of Z G g((t)) along g_. 

Let T = —dt G Der be the translation operator acting on g((i)), so that TX n = 
—nX n _i where X n = X ®t n £q k , X £ q, n £ Z. Then T preserves the decomposition 
(|3.8p and extends to a derivation of S(q-). 

Lemma 3.5. 

[T,ad(X)_] = ad(TX)_ 

Proof. Both sides are derivations and they coincide on g_ . □ 
For any X £ g, set 

X(z) = YjnZ- n - X G (Q-)[[z]] C SC0-)[[*]], 

n<0 

where I" n ,u < 0, denotes X ®t n considered as an element of 5(g_). We extend the 
assignment X — >• X(z) to an algebra homomorphism 

and denote the image of P G Sq by P(z) = ^„<o P n z~ n ~ X • The following summarizes 
the main properties of the map P i— > P(z). 

Lemma 3.6. The following holds for any P G Sq, X G and k G N, 

(ii) a d(X k )^P(z) = z k ( a d(X)P)(z) 

Proof. Both sides of the identities are derivations which are readily seen to coincide on 
the elements Y(z), Y G g. □ 

Note that property (i) above is equivalent to the fact that, for any P G Sq and n > 0, 

rn(n-l) 

(3-9) P-n = t tttP-i 

(n — l)' 

while (ii) implies that the assignment P — > P(z) maps (S'g) 9 to 5(g_) ^l] [[z]]. 

Recall from Lemma 13.11 that (5*g) is a polynomial algebra in I = rk(g) generators 
and that one may choose a system of homogeneous generators Pi , . . . , Pi such that 
degPj = di + 1, where the di's are the exponents of g. 
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The following theorem is due to A. Beilinson and V. Drinfeld [BDJ (see [Fr2j . Prop. 
9.3, for an exposition). 

Theorem 3.7. The algebra S (g((t)) / g[[t]]) ^ is freely generated by the elements P^ n , 
% = 1, . . . ,£, n < 0. 

The following result, due to [FF3J (see |Fr2] . Theorem 9.6), enables us to quantize 
the Hitchin Hamiltonians. 

Theorem 3.8. The inclusion 

gr 3 (?) = gr(V o K J[t]]) S( Q ((t))/Q[[t]}) sM 

is an isomorphism. 

In other words, all -invariants in 5(0((t))/0[[t]]) may be quantized. 
In particular, each generator Pi-\ of <S'(0((t))/fl[[t]]) fl ^ may be lifted to an element 
Si G whose symbol in 5(0((i))/0[[i]]) [M] is equal to Pi-%. The element 

rp—n—l 



then gives us a lifting for P in ,n < —1. Explicit formulas for these elements are 
unknown in general (however, recently some elegant formulas have been given in [CT| 
in the case when = sin). But for ° ur purposes we do not need explicit formulas for 
the Si's. All necessary information about their structure is in fact contained in the 
following lemma. 

Let us observe that both Vo jKc and <S((j((t))/fl [[<]]) are Z + -graded with the degrees 
assigned by the formula degA n = — n, and this induces compatible Z + -gradings on 
3(0) and 5(g((t))/0[[t]]) fl ^. This grading is induced by the vector field Lq = —tdt- It 
follows from the construction that degPj._i = di + 1. Therefore we may, and will, 
choose Si £ Vo, Kc to be homogeneous of the same degree. 

In V = V . Kc we have a basis of lexicographically ordered monomials of the form 

J% ■ ■ ■ J-n m Vo, ni > . . . > n m > 0, 

where {J a } is a basis of 0. The element Pi-\ of <S , (0((i))/0[[i]]) 9 '^' is a linear combi- 
nation of monomials in J a _ l of degree di + 1. Let Pi be the element of Vo obtained by 
replacing each of these monomials in the J°_ by the corresponding lexicographically 
ordered monomial in the J" 1 's. Then Pi is the leading term of the sought-after element 
Si € 3(0) (for i = 1 we actually have £1 = Pi, but for i > 1 there are lower order 
terms). By taking into account the requirement that degS^ = di + 1, we obtain the 
following useful 

Lemma 3.9. The element Si € 3(0) is equal to Pi plus the sum of lexicographically 
ordered monomials of orders less than di + 1. Each of these lower order terms contains 
at least one factor J° with n < — 1. 
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3.3. Back to the Hitchin systems. Now we are ready to prove Theorem 13.41 

Proof of Theorem \3.A Observe that the homomorphism $y™*) ,m °° given by formula 
(|2.13p preserves nitrations. Therefore it gives rise to a homomorphism of associated 
graded algebras 

^ S( Smi )®S(g m J. 

i=l,...,N 

Let us consider the image of S^g-) 9 ^' under this map. As in the quantum case, it may 

also be defined as the span of the coefficients of the series $J^*^ mao ( J A), A € 5(0_) fl ^', 

appearing in front of the monomials of the form IXJlLiC^ ~~ Zi)~ ni u n °° . 

It follows from the description of £(g_) 9 tMl given in Theorem [321 and the construction 

of the Hitchin map (|3,4p that the image of S^g-) 8 ^ under ^J^.) 7 ™ 00 * s precisely the 
subalgebra 

^Sr°°(0)c (g) s( Sm )®s(e m j. 

i=l,...,N 

On the other hand, we know that %>r z .\ ^ °°(fl) is the free polynomial algebra of regular 

functions on the graded vector space ^q 1 ^'™^- From its description in formula (|3.4p 
we obtain that we may choose as homogeneous generators of this polynomial algebra 
the images under Q^™^™ 00 of the following generators of S(g_) 9 ^: 

Pi- ni -l, i = l, ...,£; <rii <{di + l)(y^m.j + - 2) 

j 

(note that the number on the right is the degree of the line bundle Q,(miZ\ + . . . + 
wnzn + m^oo)®^^) . Each of them lifts to a generator of 3(0) (same notation, 
but without a bar). It is clear from the definition of <£>( , " I ) ,m ° c that the images of 

these generators of 3(0) in Z,j m P' m °°(g) under the homomorphism <j>("^)' mo ° generate 

n.(mi),mco / \ 

Thus, we obtain two sets of generators of and z|^^°°(g), such that 

the latter are the symbols of the former. In addition, the latter are algebraically 
independent. Therefore we find that the symbol of any homogeneous polynomial in the 
generators of Z^'^ 00 (0) is equal to the corresponding polynomial in their symbols. 
Thus, we obtain the desired isomorphism 

grZg^( )^zg^( ). 
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Furthermore, it fits into a commutative diagram 

/—s »■(*») ty(mi),mao i \ 

gr3(fl) ► g rZ U),oo (0) 

-fo( m i), m OO 

sQ_)m ^Sjr-Co) 

where the vertical maps are isomorphisms. □ 

Remark 3.10. The problem we had to deal with in the above proof is that a priori we 
do not have a well-defined map 

(3-10) grZj-^( )^z[-^( g) . 

However, such a map may be constructed following [BDJ. 

We have discussed above the Hitchin map on the moduli space of Higgs bundles 
on P 1 corresponding to the trivial G-bundle (as this is the only G-bundle on P 1 that 
is semi-stable). This moduli space is in fact an open substack in the moduli stack 
Bun^ P'!™^ of all Higgs bundles (corresponding to arbitrary G-bundles). The Hitchin 
map extends to a proper morphism from the entire stack of Higgs bundles to "Kg (see, 
e.g., [BD]). This implies that the algebra of global functions on the stack of Higgs 
bundles is equal the algebra of polynomial functions on the Hitchin space ^■q^.V, that 

is, the algebra (g). On the other hand, as in [ BP) , the algebra zfe^ 00 (fl) may 

be identified with a subalgebra (and, a posteriori, the entire algebra) of the algebra of 
(critically twisted) global differential operators on the stack Bun^'"™ of G-bundles 

on P 1 with the level structures. Now we obtain a well-defined injective map (|3.10p : it 
corresponds to taking the symbol of a differential operator. (Recall that the symbol of 
a global differential operator on a variety, or an algebraic stack, M is a function on the 
cotangent bundle to M. In our case, M = Bun^P'! 7 ^ and T*M is isomorphic to the 
stack of Higgs bundles.) The surjectivity of (|3.10p follows in the same way as above. 
Thus, we can obtain another proof of Theorem 13.41 this way. □ 

3.4. Hitchin systems with non-trivial characters. In Section [2.81 we have gener- 
alized the definition of Z./ m ^' m °°(g) to allow for non-trivial characters Xi '■ ^ mi fl[W] ~> C 
and Xoo '■ t m °°Q[[t]] — > C. A similar generalization is also possible classically. In order 
to define it, we apply a Hamiltonian reduction. 

Let us recall that any character x '■ t m d[[t]] ^ C is necessarily trivial on the Lie 
subalgebra t 2m s[[t]] and hence is determined by a character t m g[[t]]/t 2m g[[t]] —> C, 
which is just an arbitrary linear functional on i m 0[[i]]/i 2m 0[[i]] as this Lie algebra is 
abelian. We will write it in the form 

-2m 

X= Xkt k dt, Xk € 0* 
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(with respect to the residue pairing). 

Now consider the cotangent bundle T*'m!q^^'^° which j s isomorphic to (|3.2p with 
rrii i — > 2mi,m 00 \— > 2moo. This is a Poisson manifold equipped with a Poisson action 
of the commutative Lie group ria!=i,...,iV,oo GW,2ro a , where G m ,2m is the Lie group of 
i m fl[[i]]/i 2m 0[[i]]- Now we apply the Hamiltonian reduction with respect to this action 
and the one-point orbit in the dual space to the Lie algebra of ria=i n oo G ma ,2m a 
corresponding to ((xi), Xoo)- 



Let us denote the resulting Poisson manifold by ^QuT™.r x .\ x • Its points may 

be identified with collections ((<?») , g^; rj) , where gi G G mi ,goo £ G moo (where G m is 
the Lie group of Q m and G m is the Lie group of g m ) and r] is a one- form fj3.3[) . where 
Ai(t — Zi) now has the form 

(-1 -2m, \ 

Ai, k (t-Zi) k + Vk(t- Zif\ d(t- Zi ), A itk £Q*, 

k=—m,i k=—rrii — l J 

and similarly for A oc (t _1 )(i(t _1 ). In other words, we allow the polar parts of rj to have 
orders 2m a , but fix the m a most singular terms in the expansion to be given by the 
character Ad ga (xa)- 

Consider now the Hitchin map defined by formula (|3.4p . Taking pull-backs of poly- 
nomial functions via the Hitchin map, we obtain a Poisson commutative subalgebra 

A^l'™ 00 (fl)(v .\ v in the algebra of functions on the Poisson manifold M^ l p ,1 ™°° , n 

generalizing %[™)^°° (g). This manifold fibers over Yl^L 1 G m , x G moc . In the case when 
all Xa = the fiber over the identify element in YliLi ^m, X G nioo is a Poisson subman- 
ifold isomorphic to Y\i=i 9mi x 'Qm oc , with its Kirillov-Kostant structure. This means 
that the restriction of the algebra of Hitchin Hamiltonians to this fiber gives rise to a 
Poisson commutative subalgebra of &) i= i N S(g mi ) (g> 5(g moo ). 

But for general characters (x«))Xoo the fiber over the identity element is no longer 
a Poisson submanifold (in other words, its defining ideal is not a Poisson ideal). This 
is due to the fact that Q m acts non-trivially on non-zero characters x '■ t m Q[[t]\ ~> C. 
Therefore we cannot restrict the Hitchin system to this fiber. The best we can do 
is to consider the commutative Poisson subalgebra in the algebra of functions on the 

entire manifold M^"?'''!" 00 , \ . This is analogous to the fact that we cannot realize 

G,(Zi), oo;(x»),Xoo & 

the corresponding quantum algebras A^^^°° {o)(xi),x<^ as subalgebras of universal 



enveloping algebras, as we pointed out in Section [2781 

However, as in the quantum case, there one exception, namely, when the characters 
Xi = for all i = 1,...,N and the character Xoo becomes zero when restricted to 
t m+ B[[t]\- It may then take non-zero values on g ® t m — Q, determined by some 
X € g*. In this case the fiber of our Poisson manifold over the identity is Poisson and 



^This discussion suggests these algebras may instead be realized as commutative subalgebras of 
algebras of twisted differential operators on M^j'™^ , with the twisting determined by the characters 
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is isomorphic to Ili=i£lm x flm^-i with its Kirillov-Kostant structure. This means 
that the restriction of the algebra of Hitchin Hamiltonians to this fiber gives rise to a 
Poisson commutative subalgebra of ® i=1 N S(g rrii ) ® S(~Q moc _ 1 ). 

This Poisson algebra may be described in more concrete terms as follows. Note that 
the fiber of ^qII'.T^.^ x a t the identity is the space of one- forms 

-1 m.oo-2 

(3.11) r,= \ J2 E E A oo,- k -2t k -xt m -~ l \dt, 

i=l,...,N k=—rrii k=0 

where A a ^ £ q*. In other words, we fix the leading singular term of rj at the point oo 
to be equal to x £ fl*. 

This space is thus isomorphic to YliLi 3m- x flmoc-l' anc ^ the algebra of polynomial 
functions on it is isomorphic, as a Poisson algebra, to (££) i=1 N^tifon) ® ^(flmoo-i)' 

as we discussed above. Now we define •A.r z .\' 0O (fl)(o),x as * ne Poisson subalgebra of 
(££) i=1 jy <S*(g m4 ) (8) 5(fl moo _i) generated by the coefficients of the invariant polynomials 
Pe(r]) in front of the monomials in (t — Zi)~ ni t n < x ' . One shows in the same way as above 
that this is a Poisson commutative subalgebra of ®,j =1 N S(Q mi ) (g> S(~Q moo _i). 

Now, we claim that the algebra A^^'^ 00 (0)(o),x> discussed at the very end of Sec- 

tion 12.8} is a quantization of the Poisson algebra A^ ^ °°(0)(o),x f°r an y X G 5*- We 
will prove this in Section [3.61 in the special case when N = 1, mi = 1 and m2 = 1 (we 
will also set z\ = 0, but this is not essential). The proof in general is very similar and 
will be omitted. 

We thus set out to prove that the algebra ^o'oo(fl)o,x' denoted by A x in Section [2771 
is a quantization of the algebra Aq' 1 00 (q)o ;x , J us t defined. Let us denote the latter by 
A x . By definition, A x is a commutative subalgebra of U(q), and A x is a Poisson 
commutative subalgebra of S(q). Saying that A x is a quantization of A x simply means 
that 

(3.12) gi A X =A X , 

where gr.A x is the associated graded algebra of A x with respect to the PBW filtration 
on [/(g). 

First, we take a closer look at A x and show that it is nothing but the shift of argument 
subalgebra introduced in [MFj . 

3.5. The shift of argument subalgebra A x . Let us fix x £ 0* and consider the 
space of one- forms (|3.1ip in the special case when N = 1, z\ = 0, ra\ = 1 and m,2 = 1. 
This space consists of the one-forms 

V = j~X, A eg*, 

and is therefore isomorphic to q* . Following the above general definition, we define 
A x = ^to'oo(fl)o,x as the subalgebra of S(q) = Fung* generated by the coefficients of 
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the polynomials in t, 



^ t 

Equivalently, A x is the subalgebra of Fung* generated by the iterated directional 
derivatives D % P of invariant polynomials P £ (S$) B = Fung* in the direction x, where 

d 



(3.13) D x P{x) 



du 



P(x + u~x). 

u=0 



This definition makes it clear that A x = A cx for any non-zero c £ C. We also have 
Ad g (A x ) = A Adg(x) for any g G G. 

Note that for any P € Sq, and u E C, we have 



P{x + u X ) = Y J ^D-P{x). 

m>0 

Therefore we find that A x may also be defined as the subalgebra of Sq generated by 
the shifted polynomials 

(3.14) P ux {x) = P{x + u X ) 

where P varies in (Sq) s and u € C. 

The algebra A x was introduced in [MF| . where it was shown to be Poisson commuta- 
tive and of maximal possible transcendence degree dim b, where b is a Borel subalgebra 
of g, provided x is regular semi-simple element of g* ~ g. Here and below we identify 
g and g* using a non-degenerate invariant inner product on g. These results were re- 
cently elucidated and extended by B. Kostant to regular nilpotent elements x [Ko3j. 
We will show now that a slight generalization of the arguments used in [MF[ IKo3] yields 
the same result for all regular elements. We recall that a € g is called regular if its 
centralizer in g has the smallest possible dimension; namely, £, the rank of g. 

Theorem 3.11. Let X be any regular element of g* ~ g. Then A x is a free polynomial 
algebra in dim b generators 

(3.15) D^Pi, i = 1,...,£; m = 0,...,di, 

where Pi is a generator of S(q) s of degree di + 1 and D x is the derivative in the direction 
of x given by formula (13. 13ft . 

Proof. It is clear from the definition that A x is generated by the iterated derivatives 
(|3.15j) . Therefore we need to prove that the above polynomial functions on g* are 
algebraically independent for regular X - For that it is sufficient to show that the 
differentials of these functions at a particular point r/ £ g* are linearly independent. 
Note that we have 

P i (x + u X ) = Y, !L l D x 15 *( x )> 
L — ' ml A 

m=0 



where the last coefficient, D x Pi(x), is a constant. Thus, we need to show that the 
cofficients C^k = Cj,fc(?7) S g appearing in the n-expansion of the differential dPi(x + 
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ux)\ x =ri of Pi{x + ux) (considered as a function of x G g* with fixed u) at 77 G g*, 

fc=0 

are linearly independent. 

Note that for any jjGg* and any g-invariant function P on g* we have [77, dP(rj)] = 0. 
Therefore we have 

[rj + ux,dPi(r) + ux)] = 0. 
Expanding the last equation in powers of u, we obtain the following system (see Lemma 
6.1.1 of [ME]): 

(3.16) [j], d, k ] + [x, C ilfc _i] =0, < fc < di, 

tx J a,*] = o. 

Let us first prove that the elements Cj & are linearly independent when % is a regular 
nilpotent element, following an idea from the proof of this theorem for regular semi- 
simple x given in [MF] . 

Let {e, 2p, /} be an s^-triple in g such that e = x- We choose the element p as our 
rj - this is the point at which we evaluate the Cj^'s. Under the adjoint action of p the 
Lie algebra g decomposes as follows: 

h 

fl=$fli. 

i=— h 

where h is the Coxeter number. Here go is the Cartan subalgebra containing p and e 
is an element of Q\. 
Let 

Wj = span{C ijfc \i = l,...,£; k = 0,...,j}, 

where we set Cj ^ = for k > d^. We will now prove that the following equality is true 
for all j > 0: 

3 

(3.17) W; = 00i- 

i=0 

Let us prove it for j = 0. The first equation in (|3.16p implies that Ci t o,i = 1,...,£, 
belong to go- Furthermore, since p is regular, they span go, by [Ko2j. Therefore 
W = g . 

Now suppose that we have proved (13.170 for j = 0, . . . , m. Let us prove it for 
j = m + 1. 

According to the equations (I3.16p . we have 

ad p ■ W m+ i = ad e • W m . 
It follows from general results on representations of 5(2 that the map 

ad e : & -> g i+ i 
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is surjective for all i > 0. Therefore, using our inductive assumption, we obtain that 
ade • W m = ©^L^ 1 Si- Since &dp is invertible on this space and the kernel of adp on 
the entire g is equal to go, we find that W m+ i is necessarily contained in ©™ Q 1 0* an< ^ 
its projection onto ©™^ X 0i along go is surjective. On the other hand, W m+ i contains 
Ci t o,i = 1, ...,£, and therefore contains go- Hence we obtain the equality (13.170 for 
j = m + 1. This completes the inductive step and hence proves (|3.17|) for all j > 0. 

Setting j = h, we obtain that the span of the elements Gi >ni ,i = 1, ...,£; = 
0, . . . , di, is equal to © i=0 Qh-> which is a Borel subalgebra b of g. Its dimension is equal 
to the number of these elements, which implies that they are linearly independent. This 
proves that the polynomials f)3. 15j) are algebraically independent, and so A x is a free 
polynomial algebra in dim b generators, if x is a regular nilpotent element. 

Now we derive that the same property holds for A x , where x is an arbitrary regular 
element, following an argument suggested to us by L. Rybnikov (see also |Ko3| ). Con- 
sider the subset S C g* ~ g of all elements satisfying the property that the polynomials 
(|3,15p are algebraically independent. It is clear that this is a Zariski open subset of 
g, and it is non-empty since it contains regular nilpotent elements. Let x be a reg- 
ular element of g* ~ g. Recall that we have A x = A cx for any non-zero c G C and 
Ad g (A x ) = ^-Ad 9 (x) f° r an y 9 € G, where G is the adjoint group of g. This implies 
that S is a conic subset of g that is invariant under the adjoint action of G. According 
to |Ko2| . the adjoint orbit of any regular element of g contains an element of the form 
e + A, where e is a regular nilpotent element of an sl2-triple {e, 2/5, /}, and A G © i<0 gi- 
Hence we may restrict ourselves to the elements x °f this form. 

Suppose that some x °f this form does not belong to the set S. Then neither do the 
elements 

Xc = c Ad /5(c)" 1 (x), ce<C x , 

where p : C x — > G is the one-parameter subgroup of G corresponding to p G g. But 
then the limit of Xc as c — > should not be in S. However, this limit is equal to e, 
which is a regular nilpotent element, and hence belongs to S. This is a contradiction, 
which implies that all regular elements of g belong to S. This completes the proof. □ 

The Poisson commutativity of A x follows from the above general results about the 
commutativity of the Hitchin Hamiltonians. It also follows from Theorem 13. 141 below. 

3.6. The quantization theorem. In [Vj the problem of the existence of a quantiza- 
tion of A x was posed: does there exist a commutative subalgebra A x of U (g) which 
satisfies (|3TI2|) ? 

Such a quantization has been constructed for g of classical types in |NO] . using 
twisted Yangians, and for g = si n in [Talj . using the symmetrization map, and in [CT] . 
using explicit formulas. In |Ryb2| it was shown that, if it exists, a quantization of A x 
is unique for generic x- 

Recently, the quantization problem was solved in |Rybl| for any simple Lie algebra 
g and any regular semi-simple x € g*. More precisely, it was shown in |Rybl| that the 
algebra A x , constructed in essentially the same way as in Section 12.71 is a quantization 
of A x for any regular semi-simple x- 
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We will now prove that A x is a quantization of A x for any regular x £ 8*. First, we 
prove the following statement, which is also implicit in |Rybl| . 

Proposition 3.12. The algebra A x is contained in grA x for any x G 0*- 

Proof. By definition (see Section [277|) and Proposition 12,81 the algebra A x is generated 
by the coefficients of the Laurent expansion of id(8>x( < ^ u '( )(^-)) at u = 0, where A 
ranges over a system of generators of 3(g). Therefore we need to show that the symbol 
of each of these coefficients belongs to A x . 

Since QJ^JTA) = d u ^ 2 ^(A), where T G Der is the translation operator given 
by (|2.6p . it suffices in fact to consider a system of generators of 3(g) as an algebra 
endowed with the derivation T (equivalently, as a commutative vertex algebra). 

By Theorem EES gr(a(fl)) = S^B-)* 11 and, by TheoremETH S(g_)»M is generated, 
as an algebra endowed with the derivation T, by the polynomials P_i, as P varies in 
(Sq) 9 . It follows that 3(3) is generated, as an algebra with a derivation, by elements 
n_i, where II_i is such that its symbol is P-i, and P varies in (<Sg) s . 

The computation of the symbol of id®x(<I> u '^(II_i)) will be carried out in Lemma 
13.131 below. To that end, it will be necessary to choose the lifts LT_i in the following 
way. First, we will only consider homogeneous generators of Sq. If P G S d Q, then P_i 
is of degree d with respect to the Z + -grading on 5(g_) introduced in Section [3721 We 
may, and will, assume that the lift Il_i to 3(g) is also homogeneous of degree d. 

The proof of Proposition 13.121 is now completed by the following calculation. Let 
II G U (g_) be an element of order d G N and degree d with respect to the Z + -grading 
on U(g-). Consider its symbol cr(LT) G S d (g <g> i -1 ) as an element P G S d Q via the 

linear isomorphism g <g> t _1 = g. For each n G Z denote by ^(id®x) ^ (o)0^)) ^ e 
coefficient of u n in (id®x) (0)0-0 ■ 

Lemma 3.13. For any k > the following holds: if T)\P 7^ 0, then the symbol of 
(id<S>x) ^ u '(o)0~0 ^ s e Q ua l t° 

.((id«x)o^ 0) (n))_ d+fc = tl)! D JP. 

Proof. By assumption, II is a linear combination of lexicographically ordered monomials 
of the form 

TT _ TCll jlp jbl jbq 

11 (a i ,n i ,b j ) — J -m <J-n p J -l 

where n\ > ■ ■ ■ > n p > 2, 

ord(II (o . jn . )6: .)) =p + q<d and deg(n {o . in . )6j . ) ) = ^ m + q = d. 

i 

Note that if p 7^ 0, then 

ord(LI( ai!n . )6j .)) =p + q <^2m + q = d, 
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since > 2. Thus, only the monomials with p = contribute to cr(II), so that 
°"( n ) = Yl a bi,...,b d J b -i---J-i 

l<6l <---<6 ( j<dim g 

for some constants ... \, d E C, where the product is now that of S(q-) and 

p= £ <* bl ,..., bd J bi ---J bd . 



For P = Pi this is in fact the statement of Lemma 

/ jb q \ / t6i \ ja p iai 

o S&jOW,)) = ( V " •••("" X{jbl) ) 

= u~ d - u X {J bq )) ■ ■ ■ (j h - u X {J bl )) J ap --- J ai - 

The coefficient of u~ d+k in (id(g>x) ° ^■u'(o)(-'^(ai,n j ,6j)) is therefore an element of J7g of 
order < p + q — k. If p 7^ 0, this is strictly less than Yli ni + q — k = d — k since 
rii > 2. If, on the other hand, p = 0, then the coefficient of u~ d+k is proportional 
to a lexicographically ordered monomial in Uq of order d. It therefore follows that 

a f(idg>x) ^u(o)0-0) j , ^ s * ne coefficient of u k in 



£ 

l<6i<— <& d <dim 



u ...,b d (J bd ~ ux(J bd )) ■ ■ ■ (J bl ~ u X (J bl )) = u~ d P(- - u X ), 



provided that this coefficient is non-zero (otherwise, we would obtain the symbol of the 
first non-zero lower order term) . This implies the statement of the lemma. □ 

Theorem 3.14. For regular \ £ 0* we have grA x = A x , and so the commutative 
algebra A x C Uq is a quantization of the shift of argument subalgebra A x C Sq. 



D*Pi, i = !,...,£; 0< h<di. 



Proof. We know that A x is generated by 

On the other hand, it follows from the definition of A x that it is generated by 
((id®x)°*i*(o)( 5 0) i = l,...,£; 0<ki<di. 

If x is regular, then each D^Pi ^ 0, by Theorem 13.111 and therefore Lemma 13.131 
implies that the generators of A x are equal to the symbols of the generators of A x , 
up to non-zero scalars. In addition, the generators D ki Pi of A x are algebraically 
independent for regular Xi by Theorem 13.111 Therefore, again applying Lemma 13.131 
we obtain that the symbol of any non-zero element of A x is a non-zero element of A x . 
Therefore g?A x C A x . Combining this with Proposition 13.121 we obtain the assertion 
of the theorem. □ 



GAUDIN MODELS WITH IRREGULAR SINGULARITIES 



37 



For non-regular x, Prop osition 13 . 1 2l implies that all elements of A x may be quantized, 
i.e., lifted to commuting elements of A x , but this still leaves open the possibility that the 
quantum algebra A x is larger than its classical counterpart A x (we thank L. Rybnikov 
for pointing this out). However, we conjecture that this never happens: 

Conjecture 1. We have grA x = A x for all X ^ 9* ■ 



By Theorem 13. 14^ this conjecture holds in the regular case, and it also holds in the 
most degenerate case when x = 0- 111 that case J^x 15 ^ ne cen t er of U(g) and 

A x = S(g)°. 



3.7. The DMT Hamiltonians. As we saw in Section r2.61 one can write down explicit 

,(i),i / 



formulas for quadratic generators of the algebra Zj - ^ (g); these are the original Gaudin 



Hamiltonians Hj, i = 1, . . . , N. 

In this section we determine quadratic generators of the algebra A x for a regular 
semi-simple x € g. They turn out to be none other than the DMT Hamiltonians 
discussed in the Introduction. 

Let f) be the Cartan subalgebra of g containing x an d A C f)* the root system of 
g. For each a € A, let slf = (e a , / a , h a ) C Q be the corresponding three-dimensional 
subalgebra and denote by 

_ (a, a) 

its truncated Casimir operator with respect to the restriction to stf of a fixed non- 
degenerate invariant inner product (•, •) on g. Note that C a is independent of the 
choice of the root vectors e a , f a and satisfies C_ Q = C a . Let 



f)re g = fj \ (J Ker(a) 



aeA 

be the variety of regular elements in f), V a g-module and V = f) reg x V the holo- 
morphically trivial vector bundle over f) reg with fiber V . Millson and Toledano Laredo 
[MTLl [TL] . and, independently, De Concini (unpublished; a closely related connection 
was also considered in [FMTV| ) introduced the following holomorphic connection on 

aeA aeA + 

where A = A + U A_ is the partition of A into positive and negative roots determined 
by a choice of simple roots ot\, . . . ,a n of g, and proved that is flat for any value of 
the complex parameter h. Define, for every 7 € f), the function T 7 : f) reg — * End(y) by 

(3-18) T 7 ( X ) = £ ^f\c a 

and note that T ai+a /y = aT y + a'T' Then, the flatness of is equivalent to the 
equations 

[L> 7 - hT 7 ,D y > - hTy] = 
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for any 7,7' G t), where D 1 f(x) = Jj| t=0 /( x + tj)- Dividing by h and letting h tend 
to infinity implies that, for a fixed x € fyreg and any 7,7' G rj, 

[r 7 (x),T Y ( x )]=o. 

In [V] it was shown that the algebra A x contains the Hamiltonians T 7 (x). We now 
give a proof of this result for completeness. 

Let us identify g and g* using the invariant inner product (•, •). For each homogeneous 

(i) 

polynomial p G Sq* of degree d and i = 1, . . . , d, let p x G 0*5 be defined by 



D*-*p 



(d-i)V 

where D x f(x) = jjj\ t=0 f(x + tx)- Note that if p is invariant under g, then p-£' is 
invariant under the centralizer q x C g of X- The following result shows that, when 
X £ f)reg, the algebra A x contains the symbols P 7 (x) of the Hamiltonians P 7 (x) defined 

by dsfrsD- 

Proposition 3.15. Assume that x S f) re g- Then, 

(i) Lei p G (Sg*) 9 6e homogeneous and q G (S'f)*) w/ fis restriction to f). TTien 

# = 4 2) +^(x), 

where q x = D^~ 2 q/(d — 2)! and 7^ = cZ^(x) G = t) is the differential of 
q at x and the cotangent space T*f) is identified with f) by means of the form 

(ii) As p varies over the homogeneous elements of (Sq*) s , j q ranges over the whole 
of*)- 

We will need the following 
Lemma 3.16. If p G Sq* is Q-invariant and x £ f); then, for any a G A, 

Proof. Let P G (g*)® <i be the symmetric, multilinear function on g defined by p{x) = 
P(x, . . . , x). The g-invariance of p implies that 

= ad*(e Q )P(/ a , x, . „ , x ) 

cZ-l 

= -P{h a ,x,--j ,x) + (d- l)«(x)-P(/a,e a ,x, • ^ ,x) 

d-1 d-2 

= -- d D ha p{ X ) + a( X )^D ea D fa D d x - 2 p, 
whence the claimed result. □ 



Proof of Proposition \3.15[ 

(i) Let v : g — > g* be the isomorphism of g-modules induced by (•,•). Since p x G S 2 q* 
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is invariant under rj = g x , and (e a , f a ) = 2/ (a, a), we have 

^ (t£l)\( eaH f a)D ^ DuP 



6 + L —"(«>(/«) — ^ — ■ 



where the second equality follows from lemma [3.161 

(ii) As p ranges over the homogeneous elements of (Sq*) s , q ranges over those of 
(St)*) w = C[ci,...,c n ]. The differential of the latter span T*b, since the Jacobian 
of ci,...,c n at x £ h ls proportional to riaeA+ a (x) [Boul V.5.4] and is therefore 
non-zero since \ is regular. □ 
Now, according to Theorem l3.14[ any element of A x may be lifted to A x . We already 
know that b, C A x . An arbitrary lifting of T 7 (x) € A x to U(q) is equal to T 7 (x) + J, 
where J € Q. But the lifting to A x has to commute with t). Therefore J € f) and so 
T 7 (x) itself belongs to A x for all 7 £ f}. 

4. Recollections on opers 

In order to describe the universal Gaudin algebra and its various quotients introduced 
in Section [2] we need to recall the description of 3(0). According to [FF3J IFr2] . 3(g) is 
identified with the algebra FunOpi G (D) of (regular) functions on the space OpL G (D) 
of L G-opers on the disc D = SpecC[[t]]. Here L G is the Lie group of adjoint type 
corresponding to the Lie algebra g whose Cartan matrix is the transpose of that of 
q. Note that L G is the Langlands dual group of the connected simply-connected Lie 
group G with Lie algebra g. 

In this section we collect results on opers that we will need (for a more detailed 
exposition, sec [Fr7]). Then in the next section we describe 3(g) and the Gaudin 
algebras in terms of opers. 

4.1. Definition of opers. Let G be a simple algebraic group of adjoint type, B a Borel 
subgroup and N = [B, B] its unipotent radical, with the corresponding Lie algebras 
n C b C g. The quotient H = B/N is a torus. Choose a splitting H — ► B of the 
homomorphism B — > H and the corresponding splitting h, — ► b at the level of Lie 
algebras. Then we have a Cartan decomposition g = n_ © b © n. We choose generators 
{ei},i = !,...,£, of n and generators {fi},i = 1, • • • ,1 of n_ corresponding to simple 
roots, and denote by p € f) the sum of the fundamental coweights of g. Then we have 
the following relations: 

[p,ei]=ei, [p,fi) = -fi, i = !,...,£. 

A G-oper on a smooth curve X (or a disc D ~ SpecC[[t]] or a punctured disc 
D x = SpecC((i))) is by definition a triple (3", V, 3^), where 5" is a principal G-bundle 
IF on A, V is a connection on 9" and $b is a 5-reduction of S' such that locally on 
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X, in the analytic or etale topology, it has the following form. Choose a coordinate t 
and a trivialization of 7b on a sufficiently small open subset of X (in the analytic or 
etale topology, respectively) over which GFg may be trivialized. Then the connection 
operator Vg ( corresponding to the vector field dt has the form 

e 

(4.1) V dt =$ + J>i(*)/i + v(t)> 

i=i 

where each ?/>i(t) is a nowhere vanishing function, and v(t) is a b-valued function. The 
space of G-opers on X is denoted by Op G (X). 

This definition is due to A. Beilinson and V. Drinfeld [BD| (in the case when X is 
the punctured disc opers were first introduced in |DS| ). 

In particular, suppose that U = SpecR and t is a coordinate on U. It is clear what 
this means if U = D or D x , and if U is an affine curve with the ring of functions R, 
then t is an etale morphism U — > A 1 (for example, if U = C x = SpecC[i, then 
t n is a coordinate for any non-zero integer n). Then Op G (U) has the following explicit 
realization: it is isomorphic to the quotient of the space of operators of the forrr£ 

I 

(4.2) V = dt + J2^i(t)fi + v(t), v(t)eb(R), 

i=i 

where each t/ji(t) G R is a nowhere vanishing function, by the action of the group B{R). 
Recall that the gauge transformation of an operator dt + A(t), where A(t) £ q(R) by 
g{t) £ G{R) is given by the formula 

g-(8 t + A(t)) = d t + gA(t)g^ - d t g ■ g~\ 

There is a unique element g(t) € H(R) such that the gauge transformation of the 
operator (|4.2ft by H(R) has the form 

t 

(4.3) V = $ + v(t), v(t)€b(i2). 

i=l 

This implies that Op G (C7) is isomorphic to the quotient of the space of operators of the 
form (|4.3p by the action of the group N(R). 

4.2. Canonical representatives. Set 

i 

P-l = Yl fi- 

i=l 

The operator adp defines the principal gradation on b, with respect to which we have 
a direct sum decomposition b = © i>0 bj. Let pi be the unique element of degree 1 in 
n such that {p-\,2p,pi} is an sl2-triple. Let 



' can, ? 



In order to simplify notation, from now on we will write V for V 



Of 
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be the space of adpi-invariants in n, decomposed according to the principal gradation. 
Here 

E = {di, ...,d £ } 

is the set of exponents of q (see [Ko2| ). Then p\ spans V cail) i. Choose a linear generator 
Pj of V^an^. (if the multiplicity of dj is greater than one, which happens only in the 
case g = D2n,dj = 2n, then we choose linearly independent vectors in V cailt dj)- The 
following result is due to Drinfeld and Sokolov DSj (the proof is reproduced in the 
proof of Lemma 2.1 of [Fr3| ) . 

Lemma 4.1. The gauge action of N(R) on the space of operators of the form (14. 3D 
is free, and each gauge equivalence class contains a unique operator of the form V = 
dt +P-i + v(i), where v(t) 6 V can (R), so that we can write 

e 

(4.4) v(t) = 

i=i 

Let x be a point of a smooth curve X and D x = SpecO x , D x = SpecXr, where X 
is the completion of the local ring of x and % x is the field of fractions of X . Choose a 
formal coordinate t at x, so that X ~ C[[i]] and % x = C((i)). Then the space Op G (D x ) 
(resp., Op G (D x )) of G-opers on D x (resp., D x ) is the quotient of the space of operators 
of the form (|4.ip where ipi(t) ^ take values in X (resp., in % x ) and v(i) takes values 
in b(0 x ) (resp., b(X x )) by the action of B(Q X ) (resp., B(X X )). 

To make this definition coordinate-independent, we need to specify the action of the 
group of changes of coordinates on this space. Suppose that s is another coordinate 
on the disc D x such that t = f(s). In terms of this new coordinate the operator (14. 3|) 
becomes 

t 

Va t = V^.j-xa, = v\s)- x d s + + • v ^(«))- 

i=i 

Hence we find that 

I 

S/ ds =d s + ^ {a) ^fi + <f/(a) ■ v(<p(8)). 
i=i 

4.3. Opers with singularities. A G-oper on D x with singularity of order m at x is 
by definition (see |BD| . Sect. 3.8.8) a 5(0a;)-conjugacy class of operators of the form 

(4-5) V = 9t + ^ fe^)^ + v (*)l < 

where ^-(i) G 0^, V'i(O) ^ 0, and v(t) € b(0 x )- Equivalently, it is an iV(O x )-equivalence 
class of operators 

(4.6) V = dt + ^ (p_i + v(f)) , v(t) € b(0,)- 

We denote the space of such opers by Op G m (D x ). 
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Let m x = tC[[t]] be the maximal ideal of X = C[[t]]. Then (m x /m x )* is naturally 
interpreted as the tangent space T x to x £ X. Let T x x be the corresponding C x -torsor. 
Now consider the affine space 

g/G := Spec(Fung) G = Spec(Fun t)) w =: f)/W. 

It carries a natural C x -action. We denote by (g/G) x ,n = (t)/W) Xjn its twist by the 
<C x -torsor (T£)® n : 

(g/G) x>n = (T x <f n x g/G. 

c x 

Define the m-residue map 

(4.7) res m : V % m (D x ) -> Cg/G^m-i = ft/W^m-i 

sending V of the form (|4.6|) to the image of p_i + v(0) in t)/W. It is clear that this 
map is independent of the choice of coordinate t (which was the reason for twisting 
by (T a x )®( m '~ 1 )). This generalizes the definition of 1-residue given in | BD| , Sect 3.8.11. 
The 1-residue which takes values in g/G = t}/W and no twisting is needed. The 
definition of m-residue with m > 1 requires twisting by (Tj < )®( m—1 ). Alternatively, we 
may view the m-residue map as a morphism from Op^ m (D x ) to the algebraic stack 
g/{G x C x ) ~ t)/{W x C x ). 

Introduce the following affine subspace g can of q: 

i 

(4.8) g can = < p_i + ^2yjPj, y G C 

j=l 

Recall from [Ko2] that the adjoint orbit of any regular element in the Lie algebra g 
contains a unique element which belongs to g can . Thus, the corresponding morphism 

Scan 

— > g/G = t)/W is an isomorphism. 

Proposition 4.2 ([DS], Prop. 3.8.9). The natural morphism Op^ m (D x ) -» Op G (L> x ) 
is injective. Its image consists of those G-opers on D* whose canonical representatives 
have the form 

i 

(4.9) V = dt +p-i + Y,t- m{dl+1) u J (t)p J , Uj (t) e C[[t]}. 

j'=i 

Moreover, 

(4.10) res m (V) =p_i + Ui(0) + -5m,! Pl +Y,Uj(0) Pj , 

\ ' j>l 

which is an element o/g can = g/G (here we use the trivialization of T x induced by the 
coordinate t in the definition ofres m ). 



Proof. First, we bring an oper (|4.5p to the form 
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(in the same way as in the proof of Lemma l4.ip . Next, we apply the gauge transfor- 
mation by p(t)~ m and obtain 

i 

3=1 

Finally, applying the gauge transformation by exp(— mpi/2t), we obtain the operator 
(4.11) 

dt+P-i + (t- m - X c x (t) - ^— V 2 ) vx +J2t- m{dj+1) c j (t)p j , Cj (t) £ C[[t}). 
\ ' j>i 

Thus, we obtain an isomorphism between the space Op^ m (D x ) and the space of 
opers on D£ of the form (|4.9p . Moreover, comparing formula (|4.1ip with formula (|4.9p 
we find that m(t) = a(t) - m^t™' 1 and Uj{t) = Cj(t) for j > 1. Therefore the 
m-residue of the oper (|4.9p is equal to (|4.10p . □ 

If m = 1, then the corresponding opers are called opers with regular singularity. In 
m > 1, then they are called opers with irregular singularity. In what follows we will 
often refer to the 1-residue of an oper with regular singularity simply as residue. 

Given v £ f)/W, we denote by 0\r>f^{D x ) u the subvariety of Op^ 1 (D x ) which consists 
of those opers that have residue v € f)/W. 

In particular, the residue of a regular oper dt + p~i + v(i), where v(i) G b(0 x ), is 
equal to zu(—p), where w is the projection f) — > f)/W (see [BP] ). Indeed, a regular oper 
may be brought to the form (|4.6p . using the gauge transformation with p(t) € S(3C X ), 
after which it takes the form 

dt + - (p-i - P + i ■ ^XvCtMi)"" 1 ) • 

If v(t) is regular, then so is p(t)(v(t))p(t) _1 . Therefore the residue of this oper in fj/W 
is equal to w(-p), and so Op G (L» a; ) = Op§ 1 (Z? i .) ro (_ /5) . 

Next, we consider opers with irregular singularities in more detail. Let m > 1. 
Denote by 7r the projection g — > q/G ~ f)/W. Any point in g/G may be represented 
uniquely in the form 7r(y), where y is a regular element of g of the form 

e 

(4.12) y = p_ 1 + y =p_ 1 +^2y j p j . 

3=1 

Let iV (1) [[i]] be the first congruence subgroup of JV[[t]], which consists of all elements of 
iV[[i]] congruent to the identity modulo t. The next lemma follows from the definition. 

Lemma 4.3. Let y be a regular element of g of the form (|4.12p . Then, for m > 1, 
i/ie space Op^, m (D x ) 7T ^ of G- opers with singularity of order m and m-residue ir(y) is 
isomorphic to the quotient of the space of operators of the form 

9t + ^(p-i+y) + v(t), vWerHM, 
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by N^[[t]]. Equivalently, it is isomorphic to the space of operators of the form 

t 

V = d t +p-! + Y J (Vi t ' m{d]+1) + t- m ^ +1 ^ +1 w 3 {t)) Pj , Wj (t) G C[[t}}. 
3=1 

4.4. Opers without monodromy. Suppose that A is a dominant integral coweight 
of g. Let Op G (D x )^ be the quotient of the space of operators of the form 

I 

(4.13) v = d t + Y J A(t)h + v(t), 

1=1 

where 

^i(i) («* + t(...)) G O,, KiJ^O, 

and v(i) G b(O x ), by the gauge action of B(0 X ). Equivalently, Op G (D x )^ is the quotient 
of the space of operators of the form 

e 

(4.14) V = g t + £V a " X >/« + v(t), 

i=l 

where v(t) G b(0 x ), by the gauge action of N(0 X ). Considering the A r (3C x )-class of such 
an operator, we obtain an oper on D x . Thus, we have a map Op G (D x )^ — > Op G (D x ). 

To understand better the image of Op G (D x )^ in OpL G (D x ), we introduce, following 
|FG1] . Sect. 2.9, a larger space Op G (D :r )" lp as the quotient of the space of operators 
of the form (|4.14j) . where now 

v(t) G f)(0 :c )et- 1 n(0 :c ), 

by the gauge action of N(0 X ). 

Consider an operator of the form (|4.14|) with v(t) G f)(Q x ) t _1 n(0 K ). Denote by 

V-l = ^ V Q -l e « ^ n 
aeA + 

the coefficient of v(t) in front of t . Then, according to the definition, Op G (D x )^ is 
the subvariety of Op G (D x ) r i llp defined by the equations v a __i = 0, a G A + . 

It is clear that the monodromy conjugacy class of an oper of the form (|4.14p in 
Op G (D x ) r ^ lp is equal to exp(27riv_i). Therefore Op G (D x )^ is the locus of monodromy- 

free opers in Op G (D x )™ lp . 

We have the following alternative descriptions of Op G (D x )^ and Op G (D x )^ p . 

Proposition 4.4 ( |FGl] . [Fr3| ). For any dominant integral coweight A of G the map 
Op G (D x )^ lp — > Op G (D*) is injective and its image is equal to Op^(D x } VJ /\_py 
Moreover, the points of Op G (D x )^ C Op G (D x )™ lp are precisely those G-opers with 
regular singularity and residue w{—\ — p) which have no monodromy around x. 
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In particular, we find that Op G (D x )^ is a subvariety in Op^ (D x )^r^_~s defined by 
|A + | equations corresponding to v Qj _i =0,«£ A+. 

One may rewrite the elements v Qj _i = 0, a G A+, which are the generators of the 
defining ideal of Op G (D x ) x in Fun Opg (ZAj;)^/^ as polynomials in the canonical 
coordinates Uj iTl ,j = 1, ...,£; n > 0, on Op G 1 (D x ) m ^_^_^ obtained via Proposition 14.21 
(here Uj >n is the t n -coefficient of Uj(t) in (|4.9|) ). It is easy to see that these genera- 
tors are homogeneous of degrees (a, A + p) , a € A + , with respect to the grading on 
FunOpf G (D x )^^_ x _^ defined by the assignment degUj >n = n. For instance, for A = 
these generators are Uj jUj ,j = 1, . . . ,£;rij = 1, . . . ,dj. Other examples are discussed in 
[ED, Sect. 3.9. 

5. Spectra of generalized Gaudin algebras and opers with irregular 

singularities 

In this section we describe the algebra of endomorphisms of Vo )Kc , the center of the 
completed enveloping algebra U Kc (g) and the action of the center on various q- modules 
of critical level in terms of L G-opers. We then derive from this description and some 
general results on coinvariants [FBI IFr4j that the spectrum of the universal Gaudin 
algebra Z>( 2 ^) )O o(0) is identified with the space of all L C7-opers on P 1 with singularities 

of arbitrary orders at z\, . . . , zn and oo. The spectrum of the quotient Z^)^°° (n) of 

Zfe),oo(fl) is identified with the subspace of those L G-opers which have singularities of 
orders at most mi at Z{ and at oo. We also describe the spectrum of the algebra 
A x for regular semi-simple and regular nilpotent x> an d the joint eigenvalues of A x , 
and its multi-point generalizations, on tensor products of finite-dimensional g-modules. 

5.1. The algebra of endomorphisms of Vo jK . Let q be a simple Lie algebra. Recall 
that, by definition, the Langlands dual Lie algebra l q is the Lie algebra whose Cartan 
matrix is the transpose to the Cartan matrix of q. In what follows we will choose 
Cartan decompositions of g and l q and use the canonical identification 

h* = L t) 

between h* and the Cartan subalgebra L f) of the Langlands dual Lie algebra l q. In 
particular, we will identify the weights and roots of with the coweights and coroots 
of l q, respectively, and vice versa. 

Recall that we denote by } k (q) the algebra of endomorphisms of the vacuum module 
Vo, K of level k (see Section [2T4"|) . We will now describe 3 K (5) following [FF3t lFr2] (for a 
detailed exposition, see |Fr7] ) . 

Let L G be the adjoint group of l q and OpL G (D) the space of L G-opers on the 
disc D = SpecC[[t]] (see Section |4~T1) . Denote by FunOpL G (D) the algebra of regular 
functions on OpL G (D). In view of Lemma 14.11 it is isomorphic to the algebra of 
functions on the space of ^-tuples (t>i(i), ■ ■ ■ , vi(t)) of formal Taylor series, i.e., the 
space C[[£]] £ . If we write 

n<0 
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then we obtain 

(5.1) FunOpL G (£>) ~ C[wi in ]i = i ) ... An<0 . 

Let DerO = C[[t]]<9i be the Lie algebra of continuous derivations of the topological 
algebra = C[[i]]. The action of its Lie subalgebra Dero = £<C[[i]]<9t on expo- 
nentiates to an action of the group Aut of formal changes of variables. Both Der 
and Aut naturally act on Vo, K in a compatible way, and these actions preserve 3 K (g). 
They also act on the space Op>L G (D). One can check that the vector field — tdt defines 
a Z + -grading on Fun OpL G (D) such that degUj jTl = di — n, and the vector field — dt acts 
as a derivation such that — dt ■ Vi^ n = —nVi <n -\. 

Recall the critical invariant inner product k c introduced in Section 12.51 

Theorem 5.1 ( [FF3l lFr2] ) . 

(1) uie) = c if k ^ k c . 

(2) There is a canonical isomorphism 

3«c(5) ^FunO P L G (Z)) 
of algebras which is compatible with the actions o/Der and AutO. 

Since 3 K (g) is trivial for k ^ k c , we will set k = k c and omit k from our notation. 

Let again x be a smooth point of a curve x and X C % x be as in Section 14.21 We 
have the Lie algebra g(3C x ) and its central extension Q Kc ,x defined by the commutation 
relations (12.21) . S ince the residue is coordinate- independent, the Lie algebra Qk c ^x is 
independent on the choice of an isomorphism % x ~ C((t)). We have a Lie subalgebra 
g(0 a ) C Q Kc ,x and we define the corresponding vacuum module of level k c as 

Y ,x = IndJ^ )ffiC1 C. 

Set 

3®x = ^o,x) si ° x) = End a , ciS V ^. 
Then the compatibility of the isomorphism of Theorem 15.11 with the action of Aut 
implies the existence of the following canonical (i.e., coordinate-independent) isomor- 
phism: 

(5.2) i(g) x ~FunOp LG {D x ). 

Recall from Section 13.21 that the action of Lq = —tdt £ Der on the module Vo 
defines a Z-grading on it such that degt>o = 0, deg = — n. The action of L_i = — dt € 
Der is given by the translation operator T defined by formula (|2.6p . Theorem 15.11 

and the isomorphism (|5.ip imply that there exist non-zero vectors Si € Vg of degrees 
d{ + 1, i = 1, . . . ,£, such that 

3(g) = C[sl n) ] i=K „ An > v , 
where &- = T n Si, and under the isomorphism of Theorem 15.11 we have 

(5.3) sf n) i > n\vi- n -i, n > 0. 

The Z-gradings on both algebras get identified and the action of T on 3 (g) becomes the 
action of —dt on FunOpL G (D). 
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Now recall from Section [3.21 that the PBW filtration on U(q Kc ) induces a filtration 
on Vo such that the associated graded is identified with 

SW))/»[W) = nmWWmr = Rm( fl *[[t]]rft) ~ Fun fl *[[t]], 
where we use the canonical non-degenerate pairing 

<f>(t)dt G Q *[[t]]dt,A(t) G Q((t))/g[[t}] h-» nes t=0 (</>(t),A(t))dt, 
and a coordinate t on D. Let 

Inv *[[i]] = (Fun *[[t]])s[M] 

be the algebra of Q[[t]] -invariant functions on £(*[[£]]■ According to Theorem 13.81 the 
map 

gr 3 (g) ^grV = Fun £!*[[*]] 

gives rise to an isomorphism 

gra(fl) ^ Invfl* [[*]]. 

In particular, the symbols of the generators £?• of 3(0) have the following simple 
description. 

Let Invg* be the algebra of g-invariant functions on q* . By Theorem 13. 1| 

Invfj* = C[Pi]i =li ...e, 

where the generators Pi may be chosen in such a way that they are homogeneous and 
degPj = dj + l. 

As in Section 13.21 we use the elements Pj to construct generators of the algebra 
Inv{j*[[t]]. We will use the generators J^,n < 0, of S (g((t)) / g[[t]]) = Fung*[[i]], which 
are the symbols of J^|0) G Vo- These are linear functions on 0*[[i]] defined by the 
formula 

(5.4) Xm)) = Res t=0 (<K*), J a )t n dt. 
We will also write 

n<0 

Let us write Pi as a polynomial in the J a 's, Pj = Pj(J a ). Define a set of elements 
Pj jn G Fung*[[t]] by the formula 

(5.5) Pi(J a {z)) = Y,Pi,nZ- n - 1 . 

n<0 

Note that each of the elements P% n is a finite polynomial in the J^'s. Now Theorems 
13.71 and [ 3.81 imply the following: 

Lemma 5.2. The generators Pi o/Invg* may be chosen in such a way that the symbol 
of G 3(0) is equal to n!Pj_ n _i. 

For example, we may choose the degree 2 vector Si to be the Segal-Sugawara vector 
(I2.16P (it is unique up to a non-zero scalar). Its symbol is equal to 

a 
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where Pi = \ J2 a Ja,J a is the quadratic Casimir generator of Invg*. 

The algebra FunOpz, G (-D) has a canonical filtration such that the associated graded 
algebra is isomorphic to 

Inv L £#]] = {¥un L Q[[t]\) LGm 
(see |Fr2| . Sect. 11.3). The spectrum of this algebra is the jet scheme of 

l q/ l G = Spec(Fun L 0) iG . 

Using the canonical isomorphisms 

l q/ l G = L \)/W = tf/W = ff/G, 

we identify the jet scheme of l q/ l G with the jet scheme of Q*/G. Therefore we have a 
canonical isomorphism 

(5.6) lnv L Q[[t]]=Inv Q *[[t]]. 
On the other hand, we know that 

gr 3 (fl)=Inv 5 *[[t]]. 

The following result is proved in [Fr2], Theorem 11.4. 

Proposition 5.3. The isomorphism 3(0) ~ FunOpL G (£>) of Theorem \5.1\ (2) preserves 
the filtrations on both algebras, and the corresponding isomorphism of the associated 
graded algebras is the isomorphism (15. 6p multiplied by (—1)" on the subspaces of degree 
n. 

5.2. The center of the completed enveloping algebra. Recall from [FB] that 
Vo = Vo, Kc is a vertex algebra, and 3(0) is its commutative vertex subalgebra; in fact, it 
is the center of Vo- We will also need the center of the completed universal enveloping 
algebra of q of critical level. This algebra is defined as follows. 

Let U Kc (g) be the quotient of the universal enveloping algebra U (q Kc ) of q Kc by the 
ideal generated by (1 — 1). Define its completion U Kc (g) as follows: 

U K0 (S) = hm U Kc (q)/U Kc (q) ■ (0 ® t N C[[t]}). 

It is clear that U Kc (q) is a topological algebra which acts on all smooth g Kc -module, 
i.e. such that any vector is annihilated by g (g> t C[[i]] for sufficiently large N, and the 
central 1 acts as the identity. Let Z(q) be the center of U Kc (g). 

Denote by Fun OpL G (D x ) the algebra of regular functions on the space OpL G (D x ) 
of L G-opers on the punctured disc D x = SpecC((i)). In view of Lemma |4.H it is iso- 
morphic to the algebra of functions on the space of ^-tuples (vi(t), . . . , vp(t)) of formal 
Laurent series, i.e., the ind-affine space C ((£)) . If we write vi{t) = Y^neZ u i,ni _n-1 i 
then we obtain that FunOpL G (-D x ) is isomorphic to the completion of the polynomial 
algebra C[uj jn ]j = i v ..^ ;ne z with respect to the topology in which the basis of open neigh- 
borhoods of zero is formed by the ideals generated by Vi t7l ,i = l,...,£;n > N, for 
N > 0. 



GAUDIN MODELS WITH IRREGULAR SINGULARITIES 



19 



Theorem 5.4 ( [FF3j lFr2] ). There is a canonical isomorphism 

Z(g) ~FunOp iG (D x ) 
of complete topological algebras which is compatible with the actions o/DerO and AutO. 

For a smooth point x € X as above, we have the Lie algebra Q KctX . We define the 
completed enveloping algebra U Kc (q x ) of g Kc>x in the same way as above. Let Z(g) x be 
its center. Then Theorem 15.41 implies the following isomorphism: 

Z(Q) x ^FunOp LG (D*). 

Each element AsVo gives rise to a "vertex operator" which is a formal power series 

Y[A, z] = Y^ A [n] z- n -\ A [n] G U Kc (q) 

(see [FB], Sect. 4.2). In particular, we have the elements r n i attached to the genera- 
tors S{ G 3(0) C Vo- Under the isomorphism of Theorem 15.41 we have 

(5-7) 5j i[n] Ui,„. 

The algebra ^7 Kc (g) has a PBW filtration, and its associated graded algebra is the 
completed symmetric algebra S(g((t))) of ((£)), which we identify with the topological 
algebra Fun g*((i)). Let Pj >n be the symbol of the element r n i in Fun0*((i)). These 
elements are given by the formula 

(5.8) P t (J a (z)) = ^2P hn z- n -\ 



-n-l 
1 ^ 1 



where 

J a ( z ) = 

and the J^'s are the generators of Fun 0* ((£)), defined by the formula 

%{4>{t)) = Res t=o (0(t), J a )t n dt, <j)(t) G g*((t)),n G Z, 

(compare with formula (|5.4p ). 

It is easy to see that the elements Pj n are G((t))-invariant elements of Fung* 
Moreover, they are topological generators of the algebra (Fun Q*{{t))) G ^ . More pre- 
cisely, (Fung*((t))) G «*)) is isomorphic to a completion of the free polynomial algebra in 
Pj, n; i = l,...,<;neZ, sec [BD], Theorem 3.7.5. 

On the other hand, the algebra FunOpz, G (-D x ) also has a canonical filtration such 
that the associated graded algebra is canonically isomorphic to (Fun L Q((t))) LG ^ . In 
the same way as at the end of Section [5] we obtain a canonical isomorphism 

(FunS((t))) iG({t)) -(Fun *((t))) G (W). 

We can now take the symbol of Vi, n ,n G Z, in (Fung*((t))) G '^ i ^ and compare it with 
Pi,n = &(Sit n ]), where Vi jH and 5j r n i are related by formula (|5.7p . Using the commuta- 
tive vertex algebra structures on 3(0) and Fun OpL G (D) and Proposition 15.31 we obtain 
the following: 

Lemma 5.5. The symbol of v^ n is equal to (—\) di+1 Pi. n . 
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If M is a smooth g Kc -module, then the action of Z(g) on M gives rise to a homo- 
morphism 

Z(g)-End SKc M. 

For example, if M = Vo, then using Theorems 15.11 and 15.41 we identify this homomor- 
phism with the surjection 

FunO P L G (L> x ) -» FunOp iG (D) 
induced by the natural embedding 

Op LG (D)^Op LG (D*). 

Recall that the Harish-Chandra homomorphism identifies the center Z(q) of U(g) 
with the algebra (Funh*) 1 ^ of polynomials on f)* which are invariant with respect to 
the action of the Weyl group W. Therefore a character Z{g) — > C is the same as a 
point in Spec(Fun t)*) w which is the quotient f)*/W. For A € h* we denote by vu{\) 
its projection onto h* /W '. In particular, Z(q) acts on M\ and V\ via its character 
w(\ + p). We also denote by I\ the maximal ideal of Z(q) equal to the kernel of the 
homomorphism Z(g) — > C corresponding to the character w{\ + p). 

Recall that we have an isomorphism 

q*/G ~ i)*/W = L t)/W. 
Let us denote by tt the corresponding map g* — > L \)/W . 

Theorem 5.6. 

(1) Let 

T/ie homomorphism Z(g) — > Endg Kc U m factors as 

Z(g) ~ FunOp iG (£) x ) -» FunOpg?(L>) ^ Endg Kc U m . 

(2) Lei 

Tf _ T T1r | 9 ' tc (H 

%i,X — inu t™ [[i]]®Cl ^X' 

where x G 5* an ^ * m £>[[*]] ac ^ s on C x mo 

T/ie homomorphism Z(g) — > Endg Kc I m>x factors as 

(5.9) Z(g) ~ PunOp £(? (D x ) - Fun Opf^ (Z^ ( _ x) -» End ?Kc I m , x , 

where Opf G m+1 ' ) (I?) 7r (_ x ) is i/ie space o/ opers wrai/i singularity of order m + 1 and £/te 
(m + l)-residue ir(— x). 

In addition, if x is a regular element of q* , then the last map in (15.9f) zs injective. 

(3) Let M be a g-module on which the center Z(q) acts via its character w{\+ p), and 
let M be the induced g Kc -module. Then the homomorphism Z(g) — > Endg Kc M factors 
as 

Z(q) ~ FunOp iG ( J D x ) -» FunOpf G ( J D) ro( _ A _ p) Endg Kc M. 
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(4) For an integral dominant weight A G f)* the homomorphism 

FunOp i£? (Z> x ) ^End ?Kc V A 

factors as 

FunOpi G (D x ) -» FunOp iG (L>) A -» End lKc V A . 

Proof. According to Proposition 14.21 the ideal of Opf™(D) in FunOpL G (D x ) is gen- 
erated by Vi >ni ,i = 1,...,£; raj > m(d, + 1). By formula (|5.7p . these correspond to 
Si^m]^ = 1, • • • ,^;raj > m(di + 1). It follows from the definition of vertex operators 
that for any A £ Vo of degree N, the operators A n i,n > mN, act by zero on any 
vector that is annihilated by q (8> £ m C[[f]]. Since degSj = di + I, we obtain that the 
homomorphism Z(g) — » End^ Kc U m factors as 

Z(g) ~ FunOpt G (L> x ) -» FunOpf™(L>) -» End lKc U m . 

To complete the proof of part (1), we need to show that the last homomorphism is 
injective. It suffices to prove that the map 

FunOpgp) ^U m , 

applied by acting on the generating vector of U m , is injective. This map preserves 
natural nitrations on both spaces, and it is sufficient to show that the corresponding 
map of the associated graded is injective. 

The PBW filtration on U(g Kc ) induces a filtration on U m , and the associated graded 
space is identified with the symmetric algebra S '(fl((i)) / t m g[[t]]) . On the other hand, we 
have, by Proposition 14.21 

FunOpr™ (D) ~ C[u i)n J i=1) ... )i .„ <m((J . +1 ). 

Now Lemma 15.51 implies that 

grFunOpf™(Z>) ~ < C\Pi,n i ]i=X,...^n<m{d i +l) 
(see formula (|5.8|) ). Thus, we need to show that the map 

C[P i>m }i=l,... A n<m(d i +l) - S(Q((t))/t m Q[[t]]), 

is injective. Let us apply the automorphism J n \— > J n - m of £|((i)) (considered as a 
vector space) to both sides. Then we have Pi >n \— ► Pi> n -m(di+i)i an d so the above map 
becomes 

C[P iini ] i= i,... /;n< o -» S(fl((t))/ fl [[t]]), 
which is injective by Theorem 13.71 This completes the proof of part (1). 

Next, we prove part (2). We will work with I m _i )X instead of I m , x . According to the 
result of part (1), we have an injective homomorphism from the algebra 

FunOpg?(L> X ) ~ < £-[vi,n t \i=l ) .../-n l <m{d l +l), 

to Endg Kc U m , sending 

v i,rii l— * Si,[rii}- 

In addition, the commutative algebra 

s( Q ) = s( 9 ® r- 1 ) = C[J^_ 1 ] a=1 ... )dimB 
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also acts on U m and commutes with the action FunOp^ (D x ). Let us denote the 
generating vector of U m by v m . Since the elements J%, n > m, of g Kc annihilate v m , we 
obtain from Lemma 13, 91 that the generator *S'i > [m,(rf i +i)— l] ac ts on the generating vector 
of U m by multiplication by Pj(J^ l _ 1 ). 

It follows from the definition that I m -i x is the quotient of U m by the maximal ideal 
in S*(g) = Fung* corresponding to % € g*. Therefore we find that S^jm^+i)-].] € Z(q) 
acts on the generating vector of I m _i )X , and hence on the entire module I m _i iX , by 
multiplication by the value of Pi 6 Fung* atx 6 0*- By Lemma [5.5l and Proposition ^, 2\ 
this means that the action of Fun Opf™(D x ) on I m _i jX factors through the algebra of 
functions on opers with singularity of order m and the m-residue tt(— x)- 

Thus, we obtain that the homomorphism Z(q) — > Endg Kc I m _i )X factors as 

Z(g) FunOp iG ( J D x ) -» FunOp^( J D) 7r( _ x) End ?fcc I m _ 1>x . 

To complete the proof of part (2), we need to show that the last homomorphism is 
injective if x 1S regular. It suffices to show that the natural map 

(^•10) < £-[Si,[n i ]]i=l,...,£;n i <m(d i +l)-l ~* \n-l,x 

obtained by acting on the generating vector of I m _i iX , is injective. As in the proof of 
part (1), we will derive this from the injectivity of the corresponding maps of associated 
graded spaces. 

The associated graded space of I m -i,x with respect to the PBW filtration on the 
universal enveloping algebra of q Kc is naturally identified with 

5(g((t))/t^ 1 g[[t]]) ~ Fun(t~ m+1 g*[[t]]dt) ~ Fun(t- m+1 Q*[[t]]). 

Now, using Lemma 13.91 we obtain that the symbol of the image of a polynomial R in 
5jj n .j under the map (|5.10p . considered as a function on t~ m+1 g*[[£]], is equal to the 
same polynomial R in which we make a replacement 

Si, [n ] -» Pi,n(- + Xt- m ) 

followed by the shift of argument by x^~ m ■ Thus, injectivity of the associated graded 
map of (|5.10p is equivalent to the algebraic independence of the restrictions of 

Pj jn ., i = 1, . . . ,£; rii < m(di + 1) - 1, 

which are functions on g*((t)), to xt~ m + i~ m+1 g*[[t]]. Let us prove this algebraic 
independence. 

To simplify the argument, let us apply the automorphism of g((t)) sending J n to 
T n _ m . Then X t~ m + t- m+1 Q*[[t}} becomes X + tg*[[t}} and i\ n P ijn _ m(di+1) . We 
therefore need to prove that the restrictions of the polynomials Pi, n ,i = l,...,£;n < 
— 1, to x + ig*[[i]] C 0*[[t\] are algebraically independent. This would follow if we show 
that their differentials at the point x are linearly independent. 

Let us identify the cotangent space to x G 0* with (g*)* = g and the cotangent space 
to x G X + tQ*[[t]} with = g((t))/t _1 g[[t]]. Since x is regular, we obtain from 

Ko2 1 that the values d,P t \ x of the differentials dP; of the generators P t of the algebra. 
Invg* at x £ g* are linearly independent vectors in the centralizer g x of Xi considered 
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as a subspace of g. Using the explicit formula (|5.5p for Pi }U , we find that the value of 
dPi <n ,n < —1, at x € Q*[[t]] is equal to 

These vectors are linearly independent for i = 1,...,£ and n < — 1. Therefore the 
restrictions of the polynomials Pi jTl ,i = l,...,£;n < —1, to x + ^0*[W] C Q*[[t\] are 
algebraically independent, and so the map (I5.10P is injective. This completes the proof 
of part (2). 

Part (3) of the Theorem is obtained by combining Theorem 12.4, Lemma 9.4 and 
Proposition 12.8 of [Fr2] . 

Part (4) is established in [FG2| . Lemma 1.7. □ 

We note that parts (1) and (2) of the theorem may be interpreted as saying that the 
supports of the Z(g)-modules U m and I m ,x> considered as subvarieties in OpL G (D x ), 
are equal to Opf^ (D) and Opf ^ n+1 ) (D) n (_ x j , respectively. If x were not regular, 

then the support of I m ,x would still be contained in Op^ m+1 ^(D) 7r (_ x ), but it would 
not be equal to it (equivalently, the last map in (|5.9p would not be injective). For 
example, if x = 0, we have I TOi o = U m , and so the support of lo is equal to Opf™ (D). 
This explains the special role played by regular characters x- 



5.3. Description of the Gaudin algebras. Now we are ready to show that the 
Gaudin algebras z/™*?'™ 00 (g), which were introduced in Section [231 are isomorphic to 

algebras of functions on opers on P 1 \{zi, . . . , zn, oo} with appropriate singularities at 
the points z\, . . . ,zn and oo. Here we follow the analysis of [Fr4| . Sect. 2.5, where the 
Gaudin algebras were described in the case regular singularities (when all rrii and moo 
are equal to 1). 
Let us denote by 

the space of L G-opers on P 1 \{zi, . . . , zn, oo} whose restriction to D* belongs to 

OpgT(^) <= Op LG (D*), i = 1, . . . , N, 
and whose restriction to belongs to 

Op^(^)cOp, G (^). 

Thus, points of 0pz, G (P 1 )|™^ ( ^ 100 are L G-opers on P 1 with singularities at Zi,i = 
1, . . . , N, and oo of orders rrn, i = 1,...,N, and moo, respectively (and regular else- 
where) . 

Theorem 5.7. 

(1) There is an isomorphism of algebras 

Let us fix a Q mi -module Mi for each i = 1, . . . , N, and a g mao -module M^. Then the 
following holds: 
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(2) Suppose that we have rrij = 1 and let Mj be a Q-module on which the center Z(g) 
acts via its character w{X + p). Then the action of 2.|^^°° (g) on Mj <S> 

factors through the algebra of functions on a subset o/Opi, G (P 1 )|^' , ( ^ l ° ; which consists 
of the opers with regular singularity and 1-residue w{—Xj — p) at Zj. 

(3) Under the assumptions of part (2), suppose in addition that Xj is an integral 
dominant weight and Mj = V\. is the finite- dimensional irreducible Q-module with 

highest weight Xj. Then the action of (fl) on ®iLi Mi (g> M^ factors through 

the algebra of functions on a subset of Opt(j(P 1 )|™^ t ^ 1 °°, which consists of the opers 
with regular singularity at Zj, 1-residue zu(—Xj — p), and trivial monodromy around Zj. 

(4) Now let x £ 0* be a regular element. Set Mj = I mj ,x- Then the action of 

on (&iLi M{ <g> M^ factors through the algebra of functions on a subset of 

which consists of the opers with singularity of order mj + 1 at Zj 
and (rrij + \)-residue ir(— x) (here we trivialize the tangent space to Zj using the global 
coordinate t onF 1 ). 

An analogous result also holds with Zj replaced by oo. 

Proof is a word-for-word repetition of the argument used in the proof of Theorem 2.7 
of |Fr4] (which corresponds to the special case of parts (l)-(3) of the above theorem 
when all the m^s and moo are equal to 1). Using the general results of |FB| about 
the action of commutative vertex algebras on coinvariants, we show the following. Let 
Mi, . . . ,Mjy and be g Kc -modules. Then, as explained in Section \2. 5\ the universal 
Gaudin algebra Z( z .) )00 (g) acts on the corresponding space H(M%, . . . ,Mjv,M tX) ) of 
coinvariants. Suppose that the action of Z(jf) ~ Fun Opz, G (-D x ) on Mj factors through 
FunOpi^(L» x ), where OpJ£(L> x ) C P l g (D x ). Then, in the same way as in the 
proof of Theorem 2.7 of [Fr4] we obtain that the action of Z.( 2 .) i00 (g) factors through 
the space of L G-opers on P 1 \{zi, . . . , zn, oo} whose restriction to the punctured disc 
D*,i = l,...,N (resp., D*) belongs to Op^(D x ) (resp., Opf^Z^ )). 

Now we combine this result with the local statements of Theorem 15.61 describing the 
action of the center on g Kc -modules. This gives us the sought-after assertions about 
the factorization of the action of the universal Gaudin algebra 2.(^.) j00 (g) on particular 
modules. 

To complete the proof of part (1), we need to show that the homomorphism 

N 

(5.11) FunOp^P 1 )^ 00 ^®U( Qrni )®U(9 m J 

i=i 

obtained this way is injective. But its image is, by definition, the algebra Z^^ 100 (g), 
and so the injectivity of this homomorphism implies that we have an isomorphism 

(5.12) FunOp^P 1 )^- ~ Zg^~( ), 
as stated in part (1) of the theorem. 
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In order to prove the injectivity we pass to the associated graded algebras. According 
to Theorem 13.41 at the level of associated graded algebras the homomorphism (15. lip 
becomes the homomorphism 



i=l,...,N 



defined in formula (|3.7p . By Lemma E3J ^(™)^°° * s injective. This implies the injec- 
tivity of (|5.1ip . Therefore we obtain an isomorphism (|5,12p . □ 
Note that the embedding 

obtained by restricting an oper to the disc D u around a point u E F 1 {2;i, . . . , zn, oo} 
gives rise to a surjective homomorphism 

FunCWAj - FunOp^P 1 )^ 00 . 
The corresponding homomorphism 

3(S)«-*SSr~(fl) 

is nothing but the homomorphism $| m ^' m °° from Section [2.51 

Observe also that part (1) of the theorem implies that the universal Gaudin algebra 
00(0) is isomorphic to the (topological) algebra functions on the ind-affme space 
of all (meromorphic) L G-opers on P 1 \{zi, . . . , zn, oo}. 

5.4. The case of singularity of order 2. Consider a special case of the theorem 
when we have two points z\ = and oo, set mi = 1 and m^o = 1 and choose a regular 
X E g* corresponding to the point oo. The corresponding Gaudin algebra A ' 00 (f()o,x is 
the algebra A x introduced in Section 12.71 

Let Opi G (P 1 ) 7r (_ x ) be the space of L G-opers on P 1 with regular singularity at the 
point and with singularity of order 2 at oo, with 2-residue 7r(— x). This space has the 
following concrete realization for regular x- 

Let us pick an element of the form 

e 

-P-l ~ X = -P-l ~ ^XjPj G L 0can 
3=1 

(see formula (|4.8p for the definition of ^gcan) in the conjugacy class 7r(— x) E Q* /G = 
l q/ l G. Then it follows from Lemma 14.31 that on the punctured disc at oo (with 
coordinate s = t -1 ) each element of Opi G (P 1 ) 7r (_ x ) may be uniquely represented by a 
connection operator of the form 

I 

ds -P-i ~ E0^~ Mj '~ 2 + s- 2d ^\(s)) Pj , Uj (s) =^ V " E C[[s}} 

j=l n>0 

(the sign in front of p_i may be eliminated by a gauge transformation with p{— 1), 
which would result in multiplication of Uj(s) by (— l) 3 , but we prefer not to do this). 
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This oper extends to P 1 \0 if and only if each Uj(s) belongs to C[s). To understand 
its behavior at 0, we apply the change of variables s = t . After applying the gauge 
transformation with p(t~ 2 ), we find that the restriction of this oper to the punctured 
disc Dq at € P 1 is equal to 

2p £ 

dt+p-i + j- + £(Xj + u 3 (t)) Pj , Uj(t) = t^Ujir 1 ). 

3=1 

Next, we apply the gauge transformation with exp(— Pi/t) and obtain 

e 

d t +p-i +^2(Xj +uj(t))pj, Uj(t) = t^Ujit' 1 ). 

3=1 

This oper has regular singularity at if and only if 

j 

Uj(s) = / J Uj )n s n . 

n=0 

Thus, we find that each element of Opz, G (P 1 ) 7r (_ x ) may be represented uniquely by 
an operator of the form 

I I dj \ 

(5.13) d t + p_! + J2\ Xj + E u 3^~ n ~ X Py 

3=1 \ n=Q ) 

Note that according to Proposition 14.21 its 1-residue at is equal to 

1 1 

(5.14) p_! + + lhl)P3 G L 0can ^ L e/ L G = Q /G. 

3=1 

In particular, we obtain that 

(5-15) FunOp iG (P 1 ) 7r( _ x) ^C[u j>nj } j=1> ... Anj=0i ... tdj . 

Theorem 5.8. If \ G 5* is regular, then the algebra A x is isomorphic to the algebra 
of functions on OpL G (P 1 ) 7r (_ x ). 

Proof. According to Theorem 15.71 (4). we have a surjective homomorphism 
(5.16) FunOp iG (P 1 ) w( _ x) -> A x . 

To show that it is an isomorphism, it is sufficient to prove that the corresponding 
homomorphism of the associated graded algebras is an isomorphism. According to 
|Rybl| and Theorem 13.141 grA x = A x . But for regular \ the algebra A x is a free 
polynomial algebra with generators D^P^i = 1, . . . , £; rii = 0, . . . , dj + 1, by [MFl IKo3j 
and Theorem 13.111 

On the other hand, it follows from formula (|5.15p . Lemma 15.51 and the discussion in 
the proof of Theorem 13.141 that gr Fun Opz, G (P 1 ) 7r (_ x ) is isomorphic to the same free 
polynomial algebra. Hence the map (|5.16j) is an isomorphism. □ 
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5.5. Joint eigenvalues on finite-dimensional modules. Let us first recall the re- 
sults of [Fr3, Fr4] (see also [FFRj iFrT] ) on the joint eigenvalues of the ordinary Gaudin 
algebra Z^l 1 (g) C U(g)® N on the tensor products (R)f = -, V\. of irreducible finite- 

dimensional g-modules V\ i . Let OpLQ(P 1 )r !Si \ 00 -rx i ) i x aB be the set of L G-opers on P 1 
with regular singularities at Zi,i = 1,...,N and oo, with residues w(— Aj — p) and 
Aqo — p), and with trivial monodromy representation. Then according to jFr3] . 
Corollary 4.8 (see also [Fr4| . Theorem 2.7,(3), and Theorem 15.71 (3) above), we have the 
following description of the joint eigenvalues of .^(fl) C U(q)® n on <S>^=i Vv 

Theorem 5.9. The set of joint eigenvalues /z|^ 1 oo (g) on (£) ] ^ =1 V\ i (without multi- 
plicities) is a subset of Opi, G (P 1 )( ;Zi ) i00; ( Ai ) iAoo . 

Further, Conjecture 1 of [Fr4] states that this inclusion is actually a bijection. Now 
we discuss analogous results and conjectures for the generalized Gaudin algebras cor- 
responding to irregular singularity of order 2 at oo. 

We start with the simplest such Gaudin algebra, namely, the algebra A x C U(q). 
Consider its action on the irreducible finite-dimensional g-module V\, where A is a 
dominant integral weight. Note that from the point of view of the general construction 
of Section 12^81 this action comes about through the action of A x = aI ) ' 1 oq (q)o jX on the 
space of coinvariants 

H(V X ® Ii, x ) ~ (Va <g> I x )/q ~ V\. 
Suppose that x ls regular semi-simple. Then A x contains a Cartan subalgebra f) of 
g, which is the centralizer of x m 0- Therefore the action of A x preserves the weight 
decomposition of V\ with respect to the ^-action. It is natural to ask what are the joint 
generalized eigenvalues of A x on these components. 
Let 

Op, G (P 1 )^ ( _ x) c Op^P 1 )^) 

be the set of L G-opers on P 1 with regular singularity at the point with the 1-residue 
w{— A — p), singularity of order 2 at the point oo with the 2-residue ir(— x) and trivial 
monodromy. Then, according to Theorem 15.71 (3). the action of A x on U(q) factors 
through the homomorphism 

A x ~ FunOp iG (P 1 ) w( _ x) -» FunOp iG (P 1 )^ ( _ x) . 

In other words, we obtain the following description of the joint generalized eigenvalues 
of the commutative algebra A x (which are the points of OpL G (P 1 ) 7r (_ x ), according to 
Theorem 15 .8p on its generalized eigenvectors in V\. 

Theorem 5.10. For regular semi-simple x € g* the set of joint generalized eigenvalues 
of A x on V\ (without multiplicities) is a subset of Opi G (P 1 )^_ x - ) . 

Concretely, elements of Opi G (P 1 )^_ x ^, whose 1-residue at is equal to w{— A — p) 
are represented by the connections of the form (15.13D with the expression (15.14p equal to 
w{— A — p). As we explained after Proposition 14.41 the condition that this connection 
has trivial monodromy around imposes a set of dim^n algebraic equations on the 
oper, and Opz, G (P 1 )\ •, is just the set of solutions of these equations plus dim L f) 
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equations corresponding to the 1-residue condition at 0. Note that the dimension of 
Opi G (P 1 ) 7r (_ x ) is equal to dim L b, and so it is reasonable to expect that Optg^P 1 )^/ n 
is a finite set. 

Conjecture 2. The injective map of Theorem \5.10\ is a bijection for any regular semi- 
simple element x £ 0* o,nd dominant integral weight A. 

If the action of the algebra A x on V\ is diagonalizable (which we expect to happen 
for generic regular semi-simple %), then Proposition 15. 101 would give us a labeling of an 
eigenbasis of A x in V\ by monodromy-free L G-opers on P 1 with prescribed singularities 
at and oo. 

Proposition 15.101 has the following multi-point generalization. Consider the algebra 

4o>)(°)>* c u ^ m 

(see Section ES and |Rybl| ). It may be obtained as the quotient of 

Z (S 2 oo(0)c^(g)^®C/(I 2 ) 

obtained by applying the character q 2 ~> 9 ^ along the last factor. 
Let 

°P^( P1 )SS;.(-X) C °P^)U),oo 

be the space of ^G-opers on P 1 with regular singularities at the points Zi,i = 1, . . . , N, 
and with singularity of order 2 at the point oo with the 2-residue 7r(— x). 

Conjecture 3. For any regular \ £ 0* 

^SJoo (f>)(o),x - Fun °P^( Fl )(^(- x )- 

Now let Ai, . . . , Ajv be a collection of dominant integral weights of g. Consider the 
action of -A^V^ (5)(o), x on * ne tensor product ®^ =1 V\ i . We will now assume that x is 
regular semi-simple. 

Let 

°p^ pl )("i(-*) c op.^p 1 )^^^ 

be the set of ^G-opers on P 1 with regular singularities at the points Zi,i = 1, . . . ,N, 
with the 1-residues w{— Aj — p) and trivial monodromy around these points, and with 
singularity of order 2 at the point oo with the 2-residue 7r(— x)- Then Theorem 15.71 
implies the following result. 

Theorem 5.11. There is an injective map from the set of joint generalized eigenval- 
ues of the commutative algebra ^[^) 1 oo (fl)(0),x 071 ®il=i ^A.; (without multiplicities) to 

°P^( pl )&l(-x)- 

We propose the following analogue of Conjecture [2j 

Conjecture 4. The injective map of Theorem \5.11\ is a bijection. 

This should be viewed as an analogue of Conjecture 1 of [Fr4| . The motivation for 
both conjectures comes from the geometric Langlands correspondence (see the discus- 
sion in [Fr4| after Conjecture 1). 
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6. BETHE ANSATZ IN GAUDIN MODELS WITH IRREGULAR SINGULARITIES 

In this section we develop an analogue of the Bethe Ansatz method for constructing 
eigenvectors of the Gaudin algebra in the case of irregular singularities. For definiteness, 
we will consider here the case of the Gaudin algebras •^•(^j 1 oo (fl)(0),x> but our methods 
may be generalized to yield eigenvectors in other generalized Gaudin models. 

The construction of the Bethe Ansatz for Gaudin models with regular singularities 
is explained in detail in [Fr4| . Sects. 4-5, following [FFR] (for another approach, see 
[RV]). In this section we will follow the same approach, using notation and results of 
[Pr4] , 

6.1. Wakimoto modules. The construction of eigenvectors of the Hamiltonians of 
the ordinary Gaudin model developed in [FFR} IFr4| utilizes a class of g Kc -modules 
called Wakimoto modules. These modules were defined in [W] for g = 5I2 and in 
|FFll |FF2| IFr2] for a general simple Lie algebra 3 (for a detailed exposition, see |Fr7| ) . 
Here we will follow the notation of [Fr2tlFr4] . where we refer the reader for more details. 

Wakimoto modules over g Kc are parameterized by connections on an L ii-bundle Q,~ p 
on the punctured disc D x = SpecC((t)). Here £l~ p is defined as the push-forward of 
the C x -bundle corresponding to the canonical line bundle f2 on D x under the homo- 
morphism C x — > H corresponding to the integral coweight —p of L H (we recall that 
L H is a Cartan subgroup of the group L G of adjoint type). A choice of coordinate t on 
the disc D gives rise to a trivialization of and hence of Vt~ p . A connection on Q~ p 
may then be written as an operator 

V = $ + i/(t), u(t)e L i)((t)) = n(t)) 

(see [Fr2j . Sect. 5.5). If s is another coordinate such that t = <p(s), then this connection 
will be represented by the operator 

(6.1) a s + ^( s H^))+p-^7T- 

Let Conn(Q -p )£>x be the space of all connections on the ^ff-bundle £l~ p on D x . 
Denote by bi tn ,n £ Z, the function on Conn(J7 _/9 )£)x defined by the formula 

d t + u(t) 1 ^ Rest = o(ai, v{t))t n dt. 

The algebra Fun Coim(£l~ p ) D x of functions on Coxm{Q,~ p ) D x is a complete topological 
algebra 

FunConn(fr p )£,x ~ lim C[6i jn ] i= i i ... ) | ;neZ /Ijv, 

where Jjv is the ideal generated by bi >m i = 1, . . . ,£; n > N. A module over this algebra 
is called smooth if every vector is annihilated by an ideal In for large enough N. In 
particular, each V 6 Conn(r2 _p )£>x gives rise to a one-dimensional smooth module 
over Fun Conn(r2~ p )£)x , which we denote by Cy. Equivalently, Cy may be viewed as 
a module over the commutative vertex algebra ttq = Fun Conn(f2~ p )£> (see |Fr2j . Sect. 
4.2). 
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Next, we define the Weyl algebra A with generators a ajTl , a* a n , a € A + , n£Z, and 
relations 

(6-2) [a a ,n, a /3,m] = 3a,f3°~n,-m, [ a a,n i a /3,m] = [ a a,ni a /3,in] = 0- 

Let M s be the Fock representation of A generated by a vector |0) such that 

a a>n \0) = 0, n>0; < n |0) = 0, n > 0. 

It carries a vertex algebra structure (see |Fr2] ) . It follows from the general theory of 
[FB], Ch. 5, that a module over the vertex algebra M g is the same as a smooth module 
over the Weyl algebra A , i.e., one such that every vector is annihilated by a ajn ,a* an 
for large enough n. 

According to |Fr2j . Theorem 4.7, we have a homomorphism of vertex algebras 

w Kc : V -> M g <g> 7T , 

which sends the center 3(g) C Vo to ttq. Moreover, the corresponding homomorphism 
of commutative algebras 

FunO P L G (Z?) -» FunConn(fr p ) D 

is induced by the Miura transformation 

Cojm(QT p ) D P l g (D) 

defined in (Fr2], Sect. 10.3, following [DS]. We recall that this map sends a Cartan 
connection V = dt + u(t) to the L G-oper which is the _/V[[i]] -gauge equivalence class of 
V = dt +p~\ + u(t). There is a similar map over the punctured disc D x or a smooth 
curve. 

This result implies that for any smooth yi -module L and any smooth module R 
over Fun Conn(r2~'')£)x the tensor product L®R\s a g Kc -module. In particular, taking 
R = Cy, we obtain a Kc -module L ® Cy. These are the Wakimoto modules. The 
following is proved in |Fr2] . Theorem 12.6. 

Theorem 6.1. The center Z(g) = FunOpL G (Z) x ) acts on L ® Cy via the character 
corresponding to the L G-oper b*(V), where 

b*(V) : Conn{n- p ) D x -> P l g (D x ) 

is the Miura transformation on D x . In particular, the action of Z(q) is independent 
of the choice of the module L. 

6.2. Coinvariants of Wakimoto modules. The idea of |FFR1 IFr4j is to construct 
eigenvectors of Gaudin algebras using spaces of coinvariants of the tensor products of 
Wakimoto modules. These coinvariants are defined (following the general definition 
of [FB] . Ch. 10) with respect to the vertex algebra M s <g> ttq. By functoriality of 
coinvariants, the above homomorphism w Kc of vertex algebras gives rise to linear maps 
from the spaces of coinvariants with respect to Vo = Vo iKc > which are just the spaces of 
g^-coinvariants introduced in Section to the spaces of coinvariants with respect to 
M (2) ttq . Because M g <g> ttq is a much simpler vertex algebra, its coinvariants are easy 
to compute, and in the cases we consider below they turn out to be one-dimensional. 
Therefore we obtain linear functionals on the spaces of Qr z .\ -coinvariants that are of 
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interest to us. It then follows from the construction that these linear functionals are 
eigenvectors of the corresponding Gaudin algebra. 

Let us choose a set of distinct points x\, . . . ,x p on CcP 1 . We attach to each of 
these points, and to the point oo, an M -module and a 7To-module. As the M -modules 
attached to Xi, i = 1, . . . , p, we choose M 9 itself, and to oo we attach another module 
M' s generated by a vector |0)' such that 

a a ,n|0)' = 0, n>0; < n |0)' = 0, n > 0. 

As the 7To-modules attached to Zj, i = 1, ... ,p, we take the one-dimensional modules 
C Vi = C Mz), where 

V, = d z + Ui(z), Vi{z) G {)*((*)) = L t)((z)), 

and as the 7To-module attached to the point oo we take Cy = C Uoo ^, where Vqo = 
d z + Vao(z)- 

The corresponding space of coinvariants for M s ® ttq is the tensor product of the 
spaces 

H Ms (F 1 ;(x l ),oo;(M s ),M' g ) and F^P 1 , (a*), oo; (C„ i{z) ), C Voo (z)) 

of coinvariants for the M -modules and the 7To-modules, respectively (see |Fr4] for their 
definition). The following result is proved in [Fr4j, Prop. 4.9 (see also [FFR], Prop. 4). 

Proposition 6.2. 

(1) The space Hm b (P , (xi), oo; (M g ), M' g ) is one- dimensional and the projection of 
the vector [0)®^ (g> |0)' on it is non-zero. 

(2) The space H 7ro (¥ , (x^), oo; (C^^), C- Wlx (z)) is one- dimensional if and only if 
there exists a connection V on the L H-bundle £l~ p on P 1 \{xi, . . . , x p , oo} whose re- 
striction to the punctured disc at each Xi is equal to dt + Vi(t — Xi), and whose restriction 
to the punctured disc at oo is equal to d t -i + u^it^ 1 ). 

Otherwise, H^^F 1 , (xi), oo; (C^(^), C Voo (z)) =0. 

Formula (16. ip shows that if we have a connection on £l~ p over P 1 whose restriction 
to P 1 \oo is represented by the operator dt + v{t), then its restriction to the punctured 
disc D£q at oo reads, with respect to the coordinate s = t _1 

d s - s~ 2 i;(s- 1 ) - 2ps~ l . 

In |FFR1 IFr4j we chose i>i(z) to be of the form 

Vj{z) = — + y~] Vi, n z n , 

n>0 

and Voo{z) to be of the form 

^oo(z) = h 2_^Voo,nZ . 

n>0 

In other words, we consider connections on Qr p with regular singularities. The condi- 
tion of the proposition is then equivalent to saying that the restriction of V to P 1 \oo 
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is represented by the operator dt + v(t), where 

"(*) = E 



t 

1 



and ^ + Ui(t — Xi) is the expansion of v{t) at Xi,i = 1, . . . ,p, while i/oo(t~ ) is the 
expansion of —t 2 v{t) — 2pt in powers of t . 

Now we will choose ^i(z) to be the same as above, but we will choose i>oc( z ) to be 
of the form 



''x ( "-.) = ^ + E Zy ° .™ Z ™ 



n>-l 

where x £ !■)*• Then the condition of the proposition means that the restriction of V 
to P 1 \cxo is represented by the operator 



dt~X + 



v 



This connection has irregular singularity at oo. Note also that we have Voa-\ — ~2p ~ 

Using the homomorphism w Kc , we obtain g Kc -module structures on M g <g> and 
on M' s (g) C Voo r z y As explained in [Fr4| . Sect. 4.2, functoriality of coinvariants implies 
that there is a natural map from the space of g^.j-coinvariants 

H{M g g> C vi(z) , ...,M g ® C Up(z) ,M' s ® C Voa{z} ), 

defined in Section \2.2\ to the corresponding space of coinvariants with respect to M s (g> 
7To, which is 

H Ms (P 1 ; (a*), oo; (M g ),M g ) ® ^ (P\ (xi),oo; (C^( z )),C Voo (^)). 

Now, if and Voo(z) are as above, the latter space is one-dimensional, by Propo- 
sition 16.21 Hence we obtain a non-zero linear functional 

(6.3) r (xi) :H(M g ®C Vl(z) ,...,M g ®C Vp{z) ,M g ®C Voo (z))^C, 

which we normalize so that its value on |0)®^ <8> |0)' is equal to 1. 
6.3. Construction of the Bethe vectors. We are now ready to construct eigenvec- 
tors of the Gaudin algebra '^ z '^ oo (b)(0),x- The ^ ea ^ s ^° use * ne s P ace °f coinvariants 
of the tensor product of specially selected Wakimoto modules. We attach them to the 
points Z{, i = 1, . . . ,£, and oo, and also to additional points w±, . . . , w m . The modules 
attached to the points Zi,i = will be of the form M g (g> Cw a ), where the con- 

nection d z + \i{z) has regular singularity. For such modules we have a homomorphism 
M^. — ► Mg <g> C\j z \, where Aj is the most singular coefficient of A,(z). The module 
attached to oo will be of the form M' g <g> C\ x ( z y where the connection d z + Xoo(z) has 
singularity of order 2. We then have a homomorphism — > M' g ® C^^^, where x 
is the most singular coefficient of Aoo(z). Finally, the module attached to Wj will be of 
the form M g (g> C^.^), where fij(z) = —onjz + . . .. Considered as a g Kc -module, this 
module contains a vector annihilated by [[£]], provided that a certain system of equa- 
tions, called Bethe Ansatz equations, is satisfied. If it is satisfied, then we can use these 
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5 [[t]] -invariant vectors to construct eigenvectors of the Gaudin algebra •^[^) 1 oo (fl)(0),x 
i" (g>; V ,.\/ v . 

Now we explain this in more detail. Let us look more closely at the Wakimoto 
modules M s g) C Ui ^ and M' Q ® C^^. Let M x be the g-module contragredient to the 
Verma module M\, and the corresponding induced g Kc -module. As shown in [Fr4j, 
Sect. 4.4, we have a non-trivial homomorphism of g Kc -modules 

M£->M fl ®C„ (j0 , if v{z) = - z +Y,VnZ n . 

n>0 

Now suppose that v = —cti,i = 1,...,£. Consider the vector 

(6.4) eJLilO) G M g £ u(z) , u(z) = + ^v n z n 

n>0 

(see |Fr4| . formula (4.7) for the definition of ef_ x ). 

According to [FFRj . Lemma 2 (see also [Fr4| . Lemma 4.5), we have 

Lemma 6.3. The vector (16. 4p is annihilated by g[[i\] if and only if we have 

(6.5) {di,u ) = 0. 
Finally, consider the g Kc -module M' g g> C^), where 

(6.6) "(*) = 4 + Z>n*", XGf)*- 

n>-l 

Using the explicit formulas for the homomorphism w Kc (see |Fr4] . Theorem 4.1), we 
obtain that the vector |0)' G M' Q <g) C^ro satisfies 

t 2 [[t]] • |0)' = 0, (A®t).|0>' = x(A)|0)', A eg, 

where we extend x G f)* to a linear functional on g* via the projection g — > f) obtained 
using the Cartan decomposition of (abusing notation, we will denote this extension 
by the same symbol x)- 
This implies the following: 

Lemma 6.4. For any x £ fy* there is a homomorphism ofg Kc -modules 

I hx ^ M' g ®C v{z) , 

where v{z) is given by formula (j6.6f) . sending the generating vector of \\ x to |0)' G 

Now let us fix an iV-tuple of distinct points z±, . . . , zn of C = P 1 \{oo}, an element 
X G f)*, a set of weights Aj G f)*, i = 1, . . . , N, and a set of simple roots ati j ,j = l,...,m, 
of g. Consider a connection V on f2 _p on P 1 whose restriction to P 1 \oo is equal to 
dt + A(i), where 
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a; 



where W\, . . . , w m is an m-tuple of distinct points of P 1 \{oo} such that Wj ^ 2$. Denote 
by \i(t — Zi) the expansions of X(t) at the points Zi, i = 1, . . . , N, and by fij(t — Wj) the 
expansions of X(t) at the points Wj, j = 1, . . . , m. We have: 

. , % Aj , . OL%. 

\i(z) = 1 , fj,j(z) = J - + fi jfi ^ , 

Zi Zi 

where 

N A 

(6-8) n jl0 = ~X + Y, " E 

Finally, the expansion of this connection near oo reads d s + A 00 (s), where s = t . 
Then X^s) = s^A^" 1 ) - 2ps~ l . Therefore we have 

(6.9) u ,,.»,g,vr^t» 

z z z 

In the previous subsection we constructed a non-zero linear functional T^)^.) on the 
corresponding space of g^.^^-coinvariants 

(6.10) T {ZtUW]) : H((M g ® C Xx(z) ), (M s ® C wW ), M ® C Aoo(2) ) -» C. 

(In particular, this implies that this space of coinvariants is itself non-zero.) 

Next, we use Lemma [6T3l according to which the vectors ef. _ 1 |0) € M (8) C^.^) are 
g[[i]] -invariant if and only if the equations (c^ . , /^o) = are satisfied, where /x^o is the 
constant coefficient in the expansion of X(t) at Wj given by formula (|6.8p . This yields 
the following system of equations: 

^K^i_ E K li O = ™. 

i=l J st^j J 

These are the Bethe Ansatz equations of our Gaudin model. 

This is a system of equations on the complex numbers u>j,j = l,...,m, to each 
of which we attach a simple root on-. We have an obvious action of a product of 
symmetric groups permuting the points Wj corresponding to simple roots of the same 
kind. In what follows, by a solution of the Bethe Ansatz equations we will understand 
a solution defined up to these permutations. We will adjoin to the set of all solutions 
associated to all possible collections {«!■} of simple roots of g, the unique "empty" 
solution, corresponding to the empty set of simple roots (when this system of equations 
is empty). 

Suppose that equations (|6.1ip are satisfied. Then we obtain a homomorphism of 
Kc -modules 

N N m 

(g) M Aj ® Vjf 1 ® I 1)X - (g) M s ® C Xi(z) ® (g) M <g> C„. (a) ® (M fl ® C AooW ), 

i=l i=l j'=l 

which sends the vacuum vector vo in the jth copy of Vo to ef _ 1 |0) € M fl ® C^^y 
Hence we obtain the corresponding map of the spaces of g^.) (^-coinvariants 

H((M* Xi ), (V ),Ii, x ) - iJ((M fl ® C AiW ), (M g ® C w(z) ), M ® C Aoo(z) ). 
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But the insertion of Vo does not change the space of coinvariants, according to Propo- 
sition 12.31 Hence the first space of coinvariants is isomorphic to the space of Q( Zi y 
coinvariants 

N N 

H((M* Xi ),I 1>x ) ~ ((g) ® / x )/ ^(g)M*. 

i=l i=l 

Composing the corresponding map 

N 

(g) M A * -> F((M fl ® C Ai(2) ), (M fl is C wW ), M' s ® C Aoo(z) ) 

i=l 

with the linear functional t^.^^.) (see (|6.10p ). we obtain a linear functional 

N 

(6.12) VK 1 ,---,^):(g)M A *^C. 

i=l 

The functional ip{w 1 -^ , . . . , w%?) coincides with the functional denoted in the same 
way in |Fr4j . Sect. 4.4. Indeed, it is obtained by computing the same coinvariants as 
in the setting of [Fr4] and here. What is different here is that the numbers w^s are 
solutions of the Bethe Ansatz equations (|6.1ip . whereas in |Fr4j they are the solutions 
of another set of equations, namely equations (4.18) of |Fr4| . which correspond to the 
special case x = (note that in this case Ii y = Ui, which is the module that was 
attached to the point oo in [Fr4j ) . 

According to formula (4.22) of [Fr4j (based on the computations performed in [ATYj 
and in |FFR| . Lemma 3), ip(wY , . . . ,vu%£) corresponds to the vector 

JV 

<AK,...,^)G(g)M Afc 
fe=l 

given by the formula 

N f 

(6.13) ,...,«&) = £ ® II ; • ^ 

p=(I 1 ,...,I N ) k=l s£l k ^ Ws W s+1 > 

(up to a scalar). Here fi denotes a generator of the Lie algebra n_ C Q corresponding 
to the ith simple root, and v\ k is a highest weight vector in M Afc . The summation 
is taken over all ordered partitions I 1 U I 2 U . . . U I of the set {1, . . . , m}, where 
I k = Oijif' • • • )ia }) an d the product is taken from left to right, with the convention 
that the w with the lower index +1 is z^. Note that we differentiate between 
partitions obtained by permuting elements within each subset I k . 

Thus, VK^i 1 > • • • > w m) is the linear functional on (^) i=1 M|. equal to the pairing with 

In particular, we find that ^{w 1 ^ , . . . , w 1 ™) has weight 

N m 

(6.14) 5> 

1=1 j=l 
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We call 4>{w^ , . . . , w % ™ ) the Bethe vector corresponding to a solution of the Bethe 
Ansatz equations (|6.1ip . 

Theorem 6.5. If the Bethe Ansatz equations (16. lip are satisfied, then the vector 
4>{w l -l , . . . , w 1 ™) given by formula f)6. 13j) is either equal to zero or is an eigenvector 

of the Gaudin algebra ^u.\ >oo {s){0), x in ®i=i M >*- 

Proof is identical to the proof of Theorem 4.11 of |Fr4] (which is based on [FFR] . The- 
orem 3). Let us look at the linear functional ^{w 1 ^ , ■ ■ ■ , w 1 ™) as a map of coinvariants 

N 

(g) Ml ~ H((M* Xi ),l ljX ) -» H((M 9 ® C Xi(z) ), (M ® C„, w ), C Aoo(z) ) ~ C. 

8=1 

By functoriality of coinvariants, this map intertwines the natural actions of 

3(5)« = FunOpi G p u ) 
on the left and right hand sides. By Theorem 15.71 on the left hand side this action 
corresponds to the action of the Gaudin algebra •A-^J.'^ oo {&)(0),x on ®i=i -^Kv On the 
other hand, by Theorem l6-H the action of Fun OpL G (D u ) on the right hand side factors 
through the Miura transformation 

FunOpLGpJ -> FunConn(0^) Dii . 

This means that ip(wY , . . . , w 1 ™) (and hence ^(u^ 1 , . . . , w 1 ™)) is an eigenvector of 
3(£l)« = FunOpL G (D u ) whose eigenvalue is the L G-oper on P 1 whose restriction to 
D u is the Miura transformation of the connection dt + A(t) restricted to D u . □ 

In particular, (p(w l i , . . . , u?^) is an eigenvector of the operators Hj jX , i = 1, . . . ,iV, 
given by formula (|2.20p and of the DMT Hamiltonians T 7 (x) (acting via the diagonal 
action of 5 on (^)j = i -MaJ. The Bethe Ansatz procedure for these quadratic Hamiltoni- 
ans was considered, from a different perspective, in [MTV], for q = s\ n . The results of 
[MTV] are in agreement with Theorem 16.51 We also note that in the case when q = SI2 
the diagonalization problem for the operators 3i, x , i = 1, . . . , N, was studied in [SklJ. 

6.4. Eigenvalues on Bethe vectors. Next, we compute the joint eigenvalues of the 
algebra •A-u.^ oc {&)(o),x on * ne Bethe vector ^(w^, . . . ,w 1 ™). 

It follows from Theorem 15.71 that the action of •^■^.'^ oo (s)(0),x on the s P ace °f coin- 
variants i?((M^.),Ix lX ) factors through the algebra 

where Opi^P 1 )/^,^,^ is the space of L G-opers on P 1 with regular singularities at 
the points Zi,i = 1,...,N, with the 1-residues zu(— Aj — p), and with singularity of 
order 2 at the point 00 with the 2-residue 7r(— x). Therefore the joint eigenvalues of 

A S)!oo(fl)(0),x 011 > ■ • ■ are recorded by a point in Op^P 1 )^^. 

To describe this point, we let 

Conn(n _p ) P i\{ (2 .) i ( u , j ) j00 } 
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denote the space of connections on Q~ p over P \{(zj), (wj), oo}. Then we have a Miura 
transformation 

M(zi),(tUj),oo : Conn(f2 p )pi\{( 2i ) i („, j ) i0 o} 

Lemma 6.6. Let V = dt + X(t), where X(t) is given by formula (|6.7p . and the numbers 
Wj satisfy the Bethe Ansatz equations ([6, lip . Then 

G Op^P 1 )^.^ c Op iG (P 1 \{(z i ),K),oo}). 

Proof. We need to show that the restriction of ^(^(-uy^ooCV) to D* ,j = 1, . . . , to, be- 
longs to the subspace OpL G (-D Wj . ) of regular opers, and the restriction of P{ Zi ),{w 3 ),oo(^) 
to belongs to Op^ 2 (L' 00 ) 7r( _ x) . 

To see the former, we recall that the restriction of the connection V to D* has the 
form 

dt ~ 7 — h Mi,o H , 

t- Wj 

where /Ujo is given by formula (|6.8p . The Bethe Ansatz equations (|6.1ip are equivalent 
to the equations {ati- , /^/,o) = 0. According to [Fr4j . Lemma 3.5, this implies that the 
Miura transformation of this connection is regular at Wj. 

To prove the latter, we recall that the restriction of V to has the form f|6.9|) : 

The Miura transformation of this connection is the L G-oper which is the iV((s))-gauge 
equivalence class of the operator 

v = a s + P _! + 4 + -- - • 

s z 

Applying the gauge transformation with p(s) 2 , we obtain the connection 

d s + —(P-i + x) - — + ••• . 
s z s 

This oper has singularity of order 2, and its 2-residue is equal to 7r(— p_i — %) = 7r(— x), 
since xGf)*Cg*. □ 

Now we are ready to describe the joint eigenvalues of •^■^.'^ oo (s)(0),x 011 * ne Bethe 
vectors. 

Theorem 6.7. The joint eigenvalues °f •A-^J.'^ oo (b)(0),x on 

N 

^K,...,^)G(g)M Ai , 
1=1 

where W\, . . . ,w m satisfy the Bethe Ansatz equations ([6. lip , are given by the L G-oper 

^),K-),oc(V) e OpSgCP 1 )^^ 

where V = dt + \(t) with X(t) given by formula (|6.7p . 
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Proof. According to the proof of Theorem 16.51 <j){w 1 ^ , . . . , id 1 ™ ) is an eigenvector of 
i(s)u = Fim Opi G (D n ) and its eigenvalue is the L G-oper on P 1 whose restriction to D u 
is the Miura transformation of V|d„- But then this oper is nothing but ^i Zi )( w ),oo(^)- 

□ 

6.5. Bethe Ansatz for finite-dimensional modules. Now we specialize to the case 
when all g-modules Mi are irreducible and finite-dimensional. Thus, Mj = V\ for some 
dominant integral highest weight Aj. In this case the oper /^(^(^^(V) automatically 
has no monodromy around the points Z\, . . . , zjy. Indeed, its restriction to D* is the 
L G-oper which is the gauge equivalence class of 

^+ p _ 1 -_^_ + u(t), u(i)ef)*[[t-4 

t-Zi 

Applying the gauge transformation with A(t — ^i)" 1 , we obtain the operator 

t 

dt ■ Y,' XJ '' U + U W e Flit - zi}], 

which is regular at t = z%. Hence this ^G-oper has trivial monodromy around z% for 
each i = 1, . . . , N. 

Now consider the Bethe vector ^(vf^ , . . . , w % ™ ) G <S>iLi M K ■ Let ^{w 1 ^ , w % ™ ) be 
its projection onto $£L =1 V\ r Then we find from Theorem 16.71 that the eigenvalues of 
the Gaudin algebra on it are given by the L G-oper 

M(,),K-),oo(V) E Op, G (P 1 )j^ ( _ x) C Op^P 1 )^^, 

where OpLQ^F 1 )^),^ stands for the monodromy-free locus in Opx^P 1 )/^ | y 

This is compatible with the statement of Theorem 15.111 which states that the eigen- 
value on any eigenvector in V\ t belongs to this monodromy-free locus. 

An interesting problem is the completeness of the Bethe Ansatz: is it true that the 
Bethe eigenvectors gives us a basis of V\. for generic z\, . . . , zn and x? If this is 

so, this would mean that there is a basis of ®j = i V\ t labeled by solutions of the Bethe 
Ansatz equations (16.111) . 

In the case of the ordinary Gaudin model (corresponding to x = 0) this problem 
has been investigated in great detail. The completeness of the Bethe Ansatz has been 
proved in some special cases in |SV[ IMVll ISchj . However, examples constructed in 
|MV2] show that Bethe Ansatz may be incomplete for some fixed highest weights Aj 
and all possible values of z^s. 

Completeness of the Bethe Ansatz in the ordinary Gaudin model is discussed in detail 
[Fr4j, Sect. 5. According to Theorem 2.7,(3) [Fr4| . which is recalled in Theorem 15.91 
the joint eigenvalues of the Gaudin algebra are realized as a subset of the set 

Op, G (P 1 )( Zl ),oo;(A l ),A 00 = O P , G (P 1 )|^ (0) 

of monodromy-free opers with x = 0, so that they have regular singularity at oo. It 
was conjectured in |Fr4] that this inclusion is actually a bijection. We can try to prove 
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this by associating to an oper in Op^^F 1 )^,^ an eigenvector of the Gaudin algebra 
in ®^Li V\ i . This can be done by using the Miura opers, as explained in |Fr4] . The 
problem is caused by the degenerate opers in OpL G (P 1 )|^ l j > . 7r ^ - ) , in the terminology of 
[Pr3llFr4] . 

Each non-degenerate oper gives rise to a Bethe vector of the form (p(w % i , ■ ■ ■ , w l m)- If 
all opers in Opx^P 1 )^. / Q j are non-degenerate and the corresponding Bethe vectors 
are non-zero, then the Bethe Ansatz is complete (see [Fr3| . Prop. 4.10, and [Fr4], 
Prop. 5.5). However, a degenerate oper does not give rise to a Bethe vector. Thus, 
we may have a bijection between OpL G (P 1 )^ l -j l . 7r ^ - ) and the set of joint eigenvalues of 

the Gaudin algebra on &}^ =1 V\ i (as conjectured in |Fr4] ) . but the Bethe Ansatz may 
still be incomplete because of the presence of degenerate opers, to which we cannot 
attach Bethe vectors (we believe that this is the reason behind the counterexample 
of [MV2]). However, as explained in [Fr4| . Sect. 5.5, the construction of the Bethe 
vectors presented above may be generalized so as to enable us to attach eigenvectors 
(of a slightly different form) even to degenerate opers. This gives us a way to construct 
an eigenbasis of the Gaudin algebra in ® i=1 V\. even if there are degenerate opers in 

The approach of [Fr4j may be generalized to the case of the Gaudin model with 
regular semi-simple x- However, the notion of Miura oper becomes more subtle here 
because the oper connection has irregular singularity at oo. We hope to discuss this 
question in more detail elsewhere. 

6.6. The case of A x . Now we specialize the above results to the case of the Gaudin 
algebra A x = ■Ao'ocXfl^x' corres P on ding to N = 1 with z\ = and Ai = A. We fix a 
regular semi-simple x £ 0*- 

In this case the Bethe vectors in the Verma module M\ have the form 

(6.15) 0K\...,<>) = 

E/j (T (l)/i CT (2) • • • ficr(m) 
— — s — — V\; 



- W a( 2)){w a ( 2 ) ~ UV(3)) • • • (w a (m-l) ~ ^(m))^(m) 



where the sum is over all permutations on m letters. This vector has the weight 

m 

A-XX- 

The corresponding Bethe Ansatz equations (|6.1ip have the form 
(6.16) — J - > — J - = {a ij ,x), j = l,...,m. 

Wj WA — w s 

J S jLj J 



We note that for g = sl„ and generic \ it follows from |Rybl| that the action of J^\J.\ oo(0)(o) 
&)iLi V\ i is diagonalizable and has simple spectrum. 



x 
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If the Bethe Ansatz for an irreducible g-module V\ is complete for a particular x G 0* > 
then the Bethe vectors (]6. 15|) give us a basis of V\ labeled by the solutions of the 
equations (I6.16p . We remark that in the case of g = sl n it was shown in |Rybl| that A x 
is closely related to the Gelfand-Zetlin algebra. This suggests that for a general simple 
Lie algebra g the Gaudin algebra A x may give us a new powerful tool for analyzing 
finite-dimensional representations . 
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